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THE FEBRUARY MEETING OF THE AMERICAN 
MATHEMATICAL SOCIETY. 


A REGULAR meeting of the AmERICAN MATHEMATICAL 
Society was held in New York City on Saturday, February 
24, 1900, extending, as usual, through a morning and an 
afternoon session. The first part of the afternoon was de- 
voted to a joint meeting with the American Physical Society 
at which Professor J. K. Rees presented the paper noted in 
the list below. The total attendance during the day ex- 
ceeded fifty persons, and included the following thirty-five 
members of the Society: 

Dr. E. M. Blake, Professor Maxime Bocher, Professor E. 
W. Brown, Professor F. N. Cole, Professor E. S. Crawley, 
Dr. W. S. Dennett, Professor A. M. Ely, Professor T. 8. 
Fiske, Mr. A. S. Gale, Dr. G. B. Germann, Mr. H. E. 
Hawkes, Dr. G. W. Hill, Dr. J. I. Hutchinson, Professor 
Harold Jacoby, Mr. 8. A. Joffe, Mr. C. J. Keyser, Dr. G. 
H. Ling, Dr. Emory McClintock, Dr. Alexander Macfarlane, 
Dr. James Maclay, Dr. Emilie N. Martin, Dr. G. A. Miller, 
Professor E. H. Moore, Professor F. Morley, Professor James 
Pierpont, Dr. M. B. Porter, Professor M. I. Pupin, Profes- 
sor J. K. Rees, Mr. C. H. Rockwell, Professor T. J. J. See, 
Professor E. B. Van Vleck, Professor J. M. Van Vleck, Miss 
E. C. Williams, Miss R. G. Wood, Professor R. 8S. Wood- 
ward. 

The President of the Society, Professor R. 8. Woodward, 
occupied the chair. The Council announced the election of 
the following persons to membership in the Society: Pro- 
fessor Anne L. Bosworth, Rhode Island College, Kingston, 
R. I. ; Mr. H. L. Coar, University of Illinois, Urbana, Tl. ; 
Dr. F. R. Moulton, University of Chicago, Chicago, Il. ; 
Mr. F. G. Radelfinger, U. S. Hydrographic Office, Wash- 
ington, D. C. Two applications for membership were re- 
ported. 

A revision of the By-Laws, simplifying their arrange- 
ment and removing certain obsolete features, was adopted. 
Notice was also given of a proposed amendment of the Con- 
stitution, recommended by the Council and ordered to be 
submitted to the Society for action at the April meeting. 
By this amendment it is provided that the Ex-Presidents of 
the Society shall be life members of the Council, and that the 
number of members of the Council, other than officers, 
elected annually shall be increased from three tofour. The 
presidential term of office is also extended to two years. 


268 FEBRUARY MEETING OF THE SOCIETY. [April, 


The following papers were presented at this meeting : 

(1) Dr. AtexanpeR MacrarLANne: ‘‘On the nabla of 
quaternions.’’ 

(2) Dr. M. B. Porter: ‘‘On the enumeration of the 
roots of the hypergeometric series between zero and one.”’ 

(3) Mr. H. W. Kuan: ‘ List of the imprimitive groups 
of degree fifteen.’’ 

(4) Dr. G. A. Mitter: ‘‘On the groups of isomor- 
phisms.”’ 

(5) Dr. J. I. Hurcuinson: ‘‘ The Hessian of the cubic 
surface, IT.’’ 

(6) Professor Maxime Bocuer: ‘‘Some theorems con- 
cerning linear differential equations of the second order.”’ 

(7) Professor J. K. Rees: ‘‘ The variation of latitude at 
New York, and a determination of the constant of aberra- 
tion from observations at the latitude observatory of Co- 
lumbia University.”’ 

(8) Dr. G. W. Hiri: ‘‘ On the extension of Delaunay’s 
method in the lunar theory to the general problem of plan- 
etary motion.”’ 

(9) Professor E. B. Van Vieck: ‘ On linear criteria for 
determining the circle of convergence of a power series.”’ 

(10) Professor F. Morey: ‘‘ The metrical geometry of 
the plane n line:’’ 

(11) Professor L. E. Dicxson: ‘‘Two triply infinite 
systems of non-isomorphic simple groups of equal order.”’ 

(12) Professor L. E. Dickson : ‘‘ Isomorphism between 
certain systems of simple linear groups.’’ 

(13) Dr. L. W. Rerp: ‘ A table of class numbers for 
cubic number bodies, with the method of their calculation.”’ 


Mr. Kuhn’s paper was presented to the Society through 
Dr. G. A. Miller. Dr. Reid was introduced by Professor 
H. B. Fine. In the absence of the authors, Mr. Kuhn’s 
paper was read by Dr. Miller, and Professor Dickson’s 
papers were read by title. The papers of Professor Bocher 
and Dr. Porter are published in the present number of the 
Butetin ; those of Dr. Miller and Dr. Hutchinson, and 
the second paper of Professor Dickson will appear in later 
numbers. Abstracts of the remaining papers are given 
below. 


In a paper on ‘‘ The principles of differentiation in space 
analysis,’’ read before the Society, January 26, 1895, Dr. 
Macfarlane pointed out that in space analysis there are two 
essentially distinct ways of differentiating a product: one 
result is obtained when the factors are first differentiated 
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and the product then formed ; a different result is obtained 
when the product is first formed and then differentiated. 
The main features of the second kind of differentiation as 
regards scalars were there developed. In the present paper 
Dr. Macfarlane applies the second kind of differentiation 
to the space operator denoted by Nabla, v7. The paper 
shows how to form perfectly general expressions for 7 and 
for 7’, of which latter Laplace’s operator is a special case. 


Mr. Kuhn’s paper is in abstract as follows: In construct- 
ing the imprimitive groups of any degree, the first problem 
is to find all the intransitive groups that may be used as 
heads. The systems of intransitivity of these heads are 
transformed according to a transitive substitution group 
whose degree is equal to the number of systems of intransi- 
tivity of the given heads. For degree fifteen the number 
of these systems is either three or five. Hence every im- 
primitive group of degree fifteen is isomorphic with at least 
one of the seven transitive groups of degree three or five. 
Where the imprimitive group contains no substitution be- 
sides identity that transforms each one of its systems of im- 
primitivity into itself, this isomorphism mustjbe simple. 
There are just two such groups. They are simply isomor- 
phic respectively to the alternating and the symmetric group 
of degree five. 

There are 21 groups that may be used as heads for the 
groups which contain three systems of imprimitivity ; for 
those with five systems there are 9 such groups (including 
identity). The heads having been found, the next problem 
is to find the remaining substitutions in the possible im- 
primitive groups. There are 55 distinct imprimitive groups 
of degree fifteen that contain three systems of imprimitivity, 
and 56 that contain five such systems. Of the latter, 13 
also contain three systems. Hence the total number of 
imprimitive groups of degree fifteen is 98. Of this number, 
64 are solvable and 34 are unsolvable. 


The latitude observatory under Professor Rees’s charge 
was first placed on the present site of Columbia University 
near the corner of 118th Street and Amsterdam Avenue, 
New York. Observations were made at this station from 
April 24, 1893, to December 5, 1895. When the new 
buildings were begun, the latitude observatory was moved 
to the corner of 120th Street and Broadway. Here the 
observations were made from January 9, 1895, to the 
present time. The two stations were connected by a care- 
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ful survey which showed the second position to be north of 
the first 7”.337. All observations made at the second point 
were reduced to the first. The zenith telescope made by 
Wanschaff of Berlin was employed throughout. Its aper- 
sure is 80 millimeters, and its focal length one meter. The 
observers were Professors Rees and Jacoby and Dr. H. 8. 
Davis. Four groups of stars were used, having mean right 
ascensions approximately as follows : 


Group I, 6 hours; Group II, 14 hours; 
Group III, 18 hours; Group IV, 22 hours. 
Each group contained seven pairs of stars, and the groups 


were observed both morning and evening whenever the 
weather permitted. 


Serres A. 
April 24, 1893, to July, 1894 : 818 pairs by Rees, 
302 ‘* ** Jacoby, 
654 Davis. 
Series B. 
July, 1894, to January, 1896: * 
310 Davis. 
SeRtes C. 
January, 1896, to January, 1898: 1065 ‘‘ ‘* Rees, 
774 
Series D. 


January, 1898, to December, 1899: 951 ‘‘ ‘* Rees, 
873 ‘* Davis. 
Total pairs: 6,518 

This table shows the individual observers to have meas- 
ured: Rees, 3,605 pairs; Jacoby, 302 pairs; Davis, 2,611 
pairs ; total, 6,518 pairs. 

The record shows that observations were taken on 758 
nights. The computations give the accompanying table and 
eurve which show the variation of latitude. The curve re- 
quired by Dr. S. C. Chandler’s formula (Astronomical Journal, 
No. 446) isshown in the dotted line. From 1896 the observed 
epochs of maxima and minima follow the computed in time. 

The four series of observations gave the following values 
of the aberration constant : 

Series A. 2074566 weight18 Series C. 2074695 weight 26 

Taking the probable error of a single latitude observation 
as 0.16, the constant of aberration is 20.464 + 0.006. 
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Date. 9— | No. pairs. 
1893. May 9 27.222 — .082 77 
19 —.160 
27 -162 | —.142 42 
June 8 -178 | —.126 59 
198 | —.106 45 
28 | -259 } —.045 32 
July 8 -262 —.042 30 
19 -177 —.127 38 
26 141 — 163 46 
Aug. 6 | 029 | —.275 46 
Oct. 6 -377 +.073 31 
15 | 244 | —.060 43 
30 241 —.063 44 
Nov. 9 111 —.193 46 
20 -204 —.100 48 
Dec 3 —.072 18 
11 -255 —.049 28 
23 -302 —.002 43 
1894. Jan. 2 -192 —.112 36 
11 -168 | —.136 65 

| 
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UNIVERSITY. 

Feb. | -214 | —.090 56 

12 | -148 | —.156 59 

24 | | —.111 | 86 

March 5 -234 —.070 | 68 

083 | — 221 51 

Ap. 1 | 33 

11 -199 | —.105 65 

23 | -218 —.086 &3 

May ‘2 | 1534) - | —.151 89 

12 -225 — 079 | 62 

216 | —.088 50 

June 8 | -079 —.225 | 68 

-193 64 

— 190 34 

16 CO 19 | —18 | 38 

Nov. 15 226065 6 CO 39 

29 -274 —.030 | 43 

Dec. 18 .367 +.063 25 

1895. Jan. 2 305 +.001 | 20 

15 .412 +.108 53 

Feb. 2 .380 +.076 | 39 

14 .332 -+.028 40 

26 +.121 35 

March 10 -500 +.196 18 

21 -346 +.042 24 

Apr. | -298 —.006 | 30 

20 .353 +.049 | 48 

May 7 354 +.050 44 

18 -213 —.091 | 47 

June 4 -184 —.120 28 

13 —.047 51 

July 5 -217 —.087 45 

16 . 286 — 018 1 23 

28 222 — 082 46 

\ 
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Date. | 40° 48 | 9— % | No. Pairs. 
1895. Aug. 10 27.295 —.009 19 
23 —.201 46 
Sept.15 | 26 .943 —.361 26 
Oct. 1 | .996 | —.308 38 
18 | 2.111 55 
Nov. 5 | .119 —.185 50 
18 | .063 —.241 36 
Dec. 2 | .070 —.234 41 
1896. Jan. 14 -474 | +.170 37 
476 4.172 54 
Feb.11 | 542 +.238 45 
| .600 +.296 41 
March 5 | -560 -+-.256 42 
49 627 +.323 37 
2 | -464 +.160 21 
April 9 477 +.173 37 
1 +.063 33 
May 5 513 +.209 56 
18 532 +.228 27 
June 4 -551 +.247 47 
20 .554 +.250 30 
July 1 501 | t-.197 48 
1 437 +.133 31 
31 .458 +.154 47 
Aug. 19 379 } +.075 57 
Sept.» 9 .331 +.027 23 
26 240 | —.064 
Oct 13 135 | —.169 35 
25 .142 | —.162 53 
Nov. 10 .193 59 
23 118 —19 | 9 
Dec. 5 .232 | —.072 | 37 
15 -314 +.010 | 15 
28 319 | —.085 27 
1897. Jan. 8 345 | +.041 23 
25 —.090 41 
Feb. 5 .387 +.083 28 
18 362 +.058 53 
.378 +.074 55 
March 10 +.148 38 
-283 —.021 10 
April25 | .583 +.27 41 
May21 +.261 73 
June 1 | .376 +.072 16 
573 +.269 48 
July 2 595 | +.291 44 
‘397 «| 26 
Aug. 4 .522 4+-.218 70 
22 +.335 44 
Sept 30 503 +.199 97 
t. 16 324 +.020 13 
Nov. 4 -361 -+.057 | 38 
16 254 —.050 20 


—.215 37 
| 


COLUMBIA UNIVE 


27.70 


27.60 


” 
27.50 


27.20 


—+—. 


=! 


27.10 


26.90 


The dotted curve 


al 
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Date. 40° 48’ 9—% 


| No. Pairs. 

1897. Dec. 26 | 27” 100 — .204 22 
1898. Jan. 10 25 | —.ws9 | 33 
Feb. 10 177, | 53 
March 1 246 — .058 88 
17 -169 | — 135 25 
April 4 285 ; — .019 33 
19 461 + .157 22 
May 12 -365 | + .061 69 
26 4299, + 28 
June 13 -501 | + .197 | 64 
26 .539 + .235 59 
July 12 -488 | + .18¢ 75 
26 -430 + .126 23 
Aug. 12 506 + .202 32 
Sept. 6 -549 + .245 47 
17 -295 — .009 28 
Oct. 2 -488 | + .184 45 
15 | | + .186 42 
Nov. 1 485 | 59 
.354 | .050 40 
Dec. 1 251 — .053 48 
14 | 264 — .040 28 
1899. Jan. 14 138 — .166 | 36 
23 -291 — .013 44 
Feb. 3 151 — .153 28 
23 -146 — .158 35 
March 13 -060 — .244 24 
Qt .055 — .249 16 
April 6 189 — .115 | 28 
2 | .366 + .062 48 
May 9 275 — .029 29 
14 .194 | — .110 39 
29 — .037 61 
June 16 155 11 
30 .275 — .029 | 46 
July 14 } B09 + 005 48 
25 | .391 + .087 | 21 
Aug-12 | Ate, . 51 
2 .458 + .154 42 
Sept. 4 | .322 + .018 63 
30. | 397 | + .093 | 31 
Oct. 17 -451 | + .147 | 35 
Nov. 5 3610 | 057 51 
24 369 | .065 53 

| 

Mean | 27/’.304 | 


Probable error of one observation of unit weight +-0”.16 
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In Dr. Hill’s paper, which will be published in the 
Transactions, Delaunay’s method is explained as it would 
be applied to a planetary system, like the solar system. 
The attribution of greater generality to the method has 
the effect of rendering its establishment much easier. The 
limits of the domain in which the method is applicable 
are considered and are shown to be quite simple in their 
character. In the Delaunay transformation the special 
form of the equation of the conservation of energy consti- 
tutes a relation between the principal linear and angular 
variable. This relation is graphically exhibited by a plane 
curve. The general properties of this curve are noted. 
These curves are divisible into three classes. Delaunay’s 
formulas of transformation are established by applying the 
theorem of Poisson to the deduction of the value of the 
Jacobian of the old variables with reference to the new. 
Some simplifications have been found for the expression of 
the partial derivatives of the general linear variable with 
reference to those conjugate to the angular variables em- 
ployed. The subject is,illustrated by making an applica- 
tion to theasteroid of the Hecuba type acted on by Jupiter ; 
two cases are separately considered, viz., first, where the 
motion of the principal angular variable is continuous 
through the circumference, and second, where it executes a 
libration. 


The criteria given by Professor E. B. Van Vleck for 
determining the radius of convergence of a power series 
a, + a,x + a,z* + -- have a close connection with one of the 
two well known criteria which are based upon Cauchy’s 
theorems concerning the convergence of an infinite series. 
According to one of these two criteria the radius of converg- 
ence is the limit of 1/|a,""| or, in case no limit exists, it is 
the greatest affix of a point of condensation of the sequence 
1/|a,.""|, (n=1, 2,3, ---). The other criterion gives the 
radius of convergence only when there is a limit for | a,/a,_, |. 
The reciprocal of this ratio is then the desired radius. But, 
though the former criterion is perfectly general and of the 
highest value for theoretical purposes, it nevertheless has 
little or no superiority as a practical test for determining 
the radius of convergence of a given series. For in most 
cases in which |a,/a,_,| does not approach a limit, the de- 
termination of the limit of the sequence 1/|a,’"| or of its 
points of condensation is extremely difficult. The object of 
Professor Van Vleck’s paper is to establish criteria which 
apply in certain cases where the ratio test fails; namely, in 
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the cases in which a number of coefficients of the power 
series are connected together by a linear relation which 
tends to take a limiting form as n increases. 

The first of four theorems obtained in the paper is as fol- 
lows: Given a series a, + 4,2 + a,2* + --- in which, after 
some fixed term, p+ 1 consecutive coefficients are con- 
nected by a linear relation 


a, = (6, + + (6, +¢,)a,_s + + (6, + 


if, for an arbitrarily assigned positive value ¢, a positive in- 
teger m can be found such that for n> m every | «,” | will be 
less than «, the series will converge within a circle whose 
center is the origin and whose radius is the distance from 
the origin to the nearest root (or roots) of the polynomial 
1 — b,c —b,x* — — bx’. A special case of this theorem 
is that in which p= 1. The root of the polynomial 1/), is 
then also the limit of a,_,/a,, and we have Cauchy’s ratio 
test for the determination of the radius of convergence. 

The existence of a limiting relation between p + 1 coeffi- 
cients of the series necessitates also the existence of other 
limiting linear relations containing a greater number of co- 
efficients. Among all these linear relations there is, how- 
ever, one and only one containing the minimum number of 
coefficients. If in the above theorem this relation be used, 
the circle will be; in general, the circle of convergence. 

The second theorem of the paper is a restricted extension 
of the first to the case in which the number of terms in the 
linear relation increases without limit with increasing n. 
In place of the above polynomial an infinite series 1 — b,x 
— b* — --- is then to be introduced. The theory can also 
be extended to cover power series containing two or more 
variables. This extension is made for the case of two 
variables in theorems ITI. and IV., which may possibly be 
of special interest, since criteria for the convergence of series 
in two or more variables seem as yet to be very rare. 

Professor Van Vleck’s paper is to be published in the 
Transactions. ‘The results of the paper will be applied in a 
subsequent article to the theory of linear differential equa- 
tions. 


Professor Morley’s paper, which will be published in the 
April number of the Transactions, first establishes for n lines 
of a plane the existence of a circle, previously detected for 
4 lines by Steiner and for 5 lines by Kantor ; and shows that 
for all n — 1 lines included in the n lines, such circles pass 
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through a point. The method used is a general analytic 
method of handling n lines of a plane, by means of certain 
characteristic constants. The circle and point form the be- 
ginning of a series of figures, of which Clifford’s circle or 
point is the end ; accordingly Clifford’s theorem is proved 
by the method, and the coordinates of his chain found. 

The curves considered are included in z= rat. alg. t, 
where ¢ is a point on the unit circle ; and it proves to be de- 
sirable to consider in connection with the curves those ob- 
tained by polarizing the expression in ¢, somewhat as is 
done in the theory of osculants. The curves so obtained 
are examined in the case of a limacon, which first presents 
itself ; and in the case of an ellipse, where it appears that, 
given 2p lines of an ellipse, the Clifford circle of any 2q —1 
lines and that of the remaining lines are partners in a com- 
plex involution J,’. 

The fact that the theory of 5 lines takes a peculiarly 
simple form when the lines touch a hypocycloid of class 3 
suggests special examination of hypocycloids. The theory 
as given by Kantor for 5 lines is thus generalized at once, 
and further it is indicated how the theorems of the memoir 
itself, which concern merely the intersections of n lines, can 
be replaced by theorems in which the lines are taken 3, 4, 
or more at a time. 


In a résumé of the known finite simple groups published 
in the Buttetin, July, 1899, p. 470, Professor Dickson noted 
that for p > 2 the simple abelian group A(2m, p”) had the 
same order as the simple orthogonal group O(2mH, p*) and 
that the two were isomorphic for m=1and2. [For the 
case m = 1, = 3, the groupsare not simple.] The present 
note announces* the truth of the conjecture there made, that 
the two groups were not isomorphic form>2. Besides these 
two triply infinite systems, there has been noted} but a single, 
isolated, case of non-isomorphic simple groups of equal or- 
ders, viz, for the order 4 8!._ By an elaborate investigation, 
Professor Dickson establishes the following theorems : 

The general abelian group on 2m indices in the GF[p"], 
p > 2, contains exactly m sets of conjugate substitutions of 
period two, those of the rthset being conjugate with the 
product _, T, _,--- T,,_,, where _, merely changes 
the signs of §,and 7,. It contains a single conjugate set of 


* The complete investigation was offered January 25th to the Quar. 
Jour. of Math. 

+ Cf. BULLETIN, 1899, p. 473. An immediate proof is given by the 
writer in an article to appear in the Amer. Jour. of Math. for July, 1900. 
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substitutions whose squares give T= 7, _, 7, _,--- T,,_1, 
the only self-conjngate substitution of the abelian group, 
the set being represented by M, M, --- M,,. 

From these theorems the following result is derived con- 
cerning the quotient group of the Abelian group by its 
maximal self-conjugate subgroup §1, 7}, the case m=1, 
p" ='3 being excluded : 

According as m is even or odd, the simple group A(2m, 
p"), p>2, has exactly 4(m + 2) or $(m + 1) distinct sets 
of conjugate operators of period two. 

We readily see that the simple subgroup O(2m + 1,p") 
of the orthogonal group contains at least m substitutions of 
period two which are not conjugate, for example, 

C, C,, C,C,C,C,, C, C,C,--- 


3m? 


where C, denotes the orthogonal substitution altering &, 
alone whose sign it changes. It follows that for m > 2, the 
orthogonal group contains a greater number of distinct sets 
of conjugate operators of period two than the simple group 
A(2m, p”) of equal order. 


Dr. Reid’s table gives the class number h, the discrimi- 
nant A, and a basis for each of 161 cubic number fields, and 
the factorization of certain rational primes into their prime 
ideal factors. When h=1, the prime number factors of 
these primes are given. Units are also given for a majority 
of the fields. The method employed in the calculation of 
his based upon the following theorem of Minkowski’s: In 
every ideal class of an algebraic number field, k, there ex- 
ists an ideal, whose norm is 


r 


where m is the degree and A the discriminant of the field, 
and r the number of pairs of imaginary fields which are 
found among the m conjugate fields k, k®, ---, k™-”. The 
process consists: 1° in obtaining all ideals satisfying the 
above condition ; 2° in determining the number of ideal 
classes into which they fall. All prime ideals which satisfy 
the above condition are obtained by factoring the rational 
primes 


This is effected in the case “) = 0 (mod. p) by means of 


4\%m |_| 
| 

\ 
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the theorem: If p satisfy the olin —* OF 0 (mod. p), 


and if f(z)be resolved into its prime sive with respect 
to the modulus p: 


= {P@) HEP (2) (mod. p), 


where P(x), P’(x), ... are different prime functions with re- 
spect to p, of degrees f, f’, ... respectively, then 


(p) = (p, P(9))* (p, 


is the required factorization of (p), where (p, P(0)), 
(p, P’(@)), ... are different prime ideals of degrees f, f’, --- 
respectively. @ isan integer defining the field, f(z) =0 
the equation of lowest degree satisfied by ?, and d(¢) the 


0 
discriminant of this equation. When ao. =0 (mod. p) the 


factorization of (p) can be effected in the case of cubic fields 
by a method due to Woronoj. The determination of the num- 
ber of classes into which these ideals fall is made to depend 
upon the determination of the lowest power of a given ideal 
which is a principal ideal, and this upon the determination 
whether a giver principal ideal (2) is the pth power of a prin- 
cipal ideal. Attention is called to the saving in reckoning 
effected by observing that, when we have N—n+k <2K, 
then h = K, where Nis the number of ideals to be investi- 
gated, n the number of these ideals whose classes have been 
determined, k the number of the known classes which have 
found representatives, and K the number of known classes. 
If the sth and ¢th are the lowest powers of j and a respec- 
tively, which are principal ideals, then a necessary condition 
that ; belong to one of the classes represented by a power of a 
is £=0 (mod. s), in which case there are ¢ (s) of these classes 
to one of which it is possible for j to belong. They have as 
representatives a”, where ¢ = ?¢’s, and 7 is prime to s. The 
question whether j belongs to a given class is decided by 
multiplying j by an ideal 5 belonging to the reciprocal class 
and determining whether jb is a principal ideal by the 
method indicated. See Hilbert: ‘‘ Bericht tiber die Theorie 
der algebraischen Zahlkorper,’’ Jahresbericht der deutschen 
Mathematiker-Vereinigung, Vol. 4 (1894-5), §§ 11, 24; Min- 
kowski: Geometrie der Zahlen ; Woronoj: "e The algebraic 
integers, which are functions of a root of an equation of the 
3d degree,’’ (translation of the Russian title). 
F. N. Coxe. 

CoLUMBIA UNIVERSITY. 
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SOME THEOREMS CONCERNING LINEAR DIF- 
FERENTIAL EQUATIONS OF 
THE SECOND ORDER. 


BY PROFESSOR MAXIME BOCHER. 
(Read before the American Mathematical Society, February 24, 1900. ) 


I wisH to communicate to the Society certain results at 
which I have arrived, reserving the proofs and also further 
developments for another occasion. We shall be concerned 
with differential equations whose coefficients are not as- 
sumed to be analytic, and we consider the case in which 
z= 0 isa regular singular point* of the equation, that is, the 
case in which the equation is of the form: 


d y 


where » and v are constants, and | p,| and z | q,| can be inte- 
grated up to the pointz=0.; For the sake of simplicity 
I shall not here refer to the case in which the exponents of 
the point z = 0 are equal, although this case might easily be 
included. By methods analogous to those which I have 
sketched in a simpler case (BuLLETIN, Second Series, Vol- 
ume 6, p. 100) we obtain the 

First THEOREM OF Comparison: If the exponents of x = 0 
in (1) are real and unequal, and y, is the solution of (1) which cor- 
responds to the larger exponent, and if y, vanishes when x = x, > 0, 
but does not vanish between 0 and x, ; if moreover we have a sec- 
ond equation of the same form as (1) which differs from it only 
in that throughout the interval 0 <2 =z, the coefficient of yin 
the second equation = »/xz? + q, (the equality sign not holding 
throughout the whole interval) ; and finally if y, is the solution of 
this second equation which corresponds to the larger exponent of 
z= 0; then y, has at least one root in the interval O< 4 < &,. 

In order to compare the solutions corresponding to the 
smaller exponents, we must restrict our differential equa- 
tion further by assuming that a constant k < 1 can be found 
such that x‘p, and z**'q, remain finite as z approaches zero. 
We will refer to this as restriction (A). We then have the 

THEOREM : The solution of (1) corresponding to the exponent 


* For the meaning of this and other terms used, see my paper in the 
January number of the Transactions, p. 40; or an earlier paper in the 
BULLETIN, 2d Series, vol. 5, p. 275. 

t For a more precise statement see my papers just referred to. 
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with the smaller real part can be developed by the method of succes- 
sive approximations exactly as the solution corresponding to the ex- 
ponent with the larger real part is developed in my article in the 
Transactions, provided that Rx <1 —k, where x is the differ- 
ence of the exponents at x = 0 so taken that Rx > 0. 

By using this theorem we deduce the 

Seconp Tueorem or Comparison: ([f the conditions of the 
first theorem of comparison are fulfilled, and if moreover both equa- 
tions have the same exponents, and both satisfy restriction (A) ; 
and if y, and y, are the solutions corresponding to the smaller ex- 
ponent ; and if y, vanishes when x = x, > 0, but not in the inter- 
val O< 4 <x, then y, will vanish at least once in this interval 
provided that x <1 —k. 

Finally I should like to mention a fact which had escaped 
my notice until after my paper in the Transactions was 
printed, namely that the class of singular points which I 
there discuss under the name regular can be brought into 
very close connection with the class of singular points pre- 
viously studied by Kneser ( Crelle’s Journal, Volumes 116,117, 
120 ; Mathematische Annalen, Volume 49). This can be done 
by replacing the independent variable x, which I use, by 
z where «= e~*. Although many of my results can be de- 
duced by this method from those previously found by Kneser 
and vice versa, the results in the two cases are by no means 
coextensive, nor doeseither include the other. I shall come 
back to this matter more at length on a subsequent occa- 
sion. It may be noted that the method of successive ap- 
proximations can also be applied directly to Kneser’s case. 


HARVARD UNIVERSITY, CAMBRIDGE, MASss. 


NOTE ON THE ENUMERATION OF THE ROOTS 
OF THE HYPERGEOMETRIC SERIES 
BETWEEN ZERO AND ONE. 

BY DR. M. B. PORTER. 

(Read before the American Mathematical Society, February 24, 1900.) 


In the May number of the Buttertin for 1897, the writer 
gave asolution of the problem of enumerating the real roots 
of F(a, 7, 7, x) between zero and one which depended on 
two well known theorems of Sturm—there referred to as [A] 
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and [B]*—and Gauss’ expression of F(a, 8, 7, x) in terms 
of the two linearly independent solutions of the hyper- 
geometric equation about the pointz=1. The investiga- 
tion there given can be considerably simplified and Gauss’ 
formula avoided by the use of the following theorem [C] : + 


If S(zj= > a,x" is divergent for x =r but convergent for 
irl, “ad if S(a) diverge to ++ (— 0) asx approaches 
r, then lim S, (r) = +0 where S, ar. 


In the paper above mentioned it is shown that the prob- 
lem of determining the number X of roots of the solution 
of the hypergeometric equation corresponding to the larger 
exponent of «= 0 can be reduced to the case where 2, », 
and »{ (the exponent differences of 0, 0, and 1 respec- 
tively) are not less than zero. 

To determine X in this case it is only necessary to deter- 
mine the number of roots lost by F(4, 8,7, z) when /, by 
the decrease of », increases from some initial negative value 
to zero. 

By the first.theorem of Sturm quoted, F(a, ?, 7, x) is 
losing or certainly not gaining roots when, under the con- 
ditions laid down, » decreases. 

Moreover since »=> 0, F(«4, ?, 7, 1) is divergent ; and by 
[C] F(4, 4, 7, 1 —0) changes from + to —( — to +) when 
f increases through an odd (even) negative integer. 

But when F(a, 2,7, 1—0) changes sign, increasing 
(i. e., » decreasing), an odd number of roots must have been 
lost by F(4, 7, 7, ) in the interval 0 —1 and it is easily 
seen (by considering the polynomials obtained when 7 is 
integral) that exactly one root is lost. Thus when 4, », and 
v are not less than zero, 


8) 


In the same way it may be shown that in any case 


X= E( ). 


When 2<0,the number WN of roots of F(a, 4, 7, x) 


* Theorem [B] is a slightly generalized form of the theorem given by 
Sturm, Liouville’s Journal, vol. I. 

T Cf. Stolz, Allgemeine Arithmetik, p. 279. 

4 E( n) is used to denote the largest positive integer less than n, so that 
E(n) = 0 ifn =1. 
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between 0 and 1 is by [B] either X or X + 1, the even or 
odd value of N being chosen according as F (a, f, 7, 1 — 0) 
is greater or less than 0, viz., 1° If » >0, according as 
E(— 4) + E(— #) + E(— 7) is odd or even; 2° if »<0, 
according as E(a—y)+ is odd or 
even. If, however, in 1° either — a or — /is integral and 
positive F(a, %, 7, x) ceases to be linearly independent of 
the solution corresponding to the larger exponent of z= 1, 
so that, by [B], N= X. Similarly in 2°, if a—y or f—; 
is a positive integer, N = X for the same reason. 
YALE UNIVERSITY, 
February 12, 1900. 


THE SUMMER MEETING OF THE DEUTSCHE 
MATHEMATIKER-VEREINIGUNG AT 
MUNICH, SEPTEMBER, 1899. 


PROBABLY no mathematical society in the world brings 
together at its’annual meetings so many illustrious mathe- 
maticians and exhibits an activity of such multifarious 
nature and far-reaching importance as the Deutsche Math- 
ematiker-Vereinigung. Founded about a decade ago 
through the efforts of G. Cantor, W. Dyck and others, it 
has enjoyed the utmost prosperity. It is indeed to be re- 
gretted that its meetings are held so late in the summer 
that it is impossible, save in exceptional circumstances, for 
our own members to be present. Such a piece of good 
fortune befell me last year, and I hope the following 
personal reminiscences may prove interesting enough to 
justify their publication. For more details of scientific 
character I refer to the Chronik of the Vereinigung, the 
article by E. Lampe in the Naturwissenschaftliche Rundschau, 
(1899), p. 537, and the official Verhandlungen der Gesell- 
schaft Deutscher Naturforscher und Aertze, Vogel, Leipzig, 1900. 

The summer meetings of the Vereinigung are always held 
in connection with those of the Gesellschaft Deutscher 
Naturforscher und Aertze, which corresponds in Germany to 
our American Association for the Advancement of Science. 
This year the meeting was held September 17th to 23d at 
Munich, a city justly celebrated for its scientific institu- 
tions and collections of art, for its beautiful surroundings, 
and for the good nature and kindly spirit of its population. 
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Our first meeting was a general reception, of a purely 
social nature, held in the large Kaimsale, Sunday evening. 
But large as these rooms were, the immense throng which 
had gathered in thousands from al] parts of the world, but 
particularly from Germany, Austria. and Switzerland, so 
filled them that it was all but impossible to move about. 
To find one’s friends in such a crush was almost impossible, 
and I had almost given up the hope when I spied Wirtinger 
absorbed in an exchange of views on algebraic functions 
with Hensel. Near them were Gutzmer, Gordan, Czuber, 
Lampe, Pringsheim, Noether, and others. Some, like my- 
self, were accompanied by their wives. Of course this first 
greeting after a long absence was animated and pleasant. 

The business of the week began Monday morning and 
lasted till Friday afternoon. The Vereinigung held some 
of its meetings apart, and some in joint session with sec- 
tions of the Gesellschaft. There were also general sessions 
in which everybody joined. The opening session of the 
Gesellschaft was of this last kind. This was held in the 
royal theater, which was literally crowded. Speeches of 
welcome were held by the first Geschaftsfihrer v. Winckel, 
by the honorary president, H. R. H. Prince Dr. Ludwig 
Ferdinand of Bavaria ; by the Cultusminister v. Landmann; 
the Mayor, v. Borscht ; the president of the Academy of 
Sciences, v. Zittel; the prorector of the University, v. 
Heigel ; the director of the Polytechnicum, v. Hoyer ; and 
finally by the president of the Gesellschaft, Wirkl., Geh. 
Admiralitatsrat, Dr. Neumayer of Hamburg. Then after 
the customary telegrams of courtesy had been read before 
being sent off to the Emperor of Germany, the Prinzregent 
Luitpold of Bavaria, and H. R. H. Duke Dr. Karl Theo- 
dor of Bavaria, the addresses of the day were in order. The 
lion of the occasion was Nansen who was greeted with pro- 
longed and hearty applause. His theme was: ‘‘ Meine 
Forschungsreise nach der Nordpolregion und deren Ergeb- 
nisse.”’ 

The first session of the Vereinigung took place the same 
afternoon in the Polytechnicum. Addresses of welcome 
were made by Bauer on the part of his colleagues in Munich 
and by Noether as president of the Vereinigung. These 
were followed by the only address of the day, an appre- 
ciative sketch by Engel of the life and labors of Sophus Lie. 

All day Tuesday was devoted by the Vereinigung in sepa- 
rate session to the reading of papers. The first address 
was by Klein who made some extremely interesting and 
valuable remarks in addition to Engel’s paper of the day 
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before. Lie and Klein were fellow-students at Paris. At 
the outbreak of the Franco-Prussian war Klein returned to 
Germany but remained in correspondence with Lie, who at 
that time was deeply absorbed in his new Kugelgeometrie. 
As the Germans began to close in on Paris, Lie who was 
celebrated even in Norway, the home of such men as Nan- 
sen, for his powers as a pedestrian, proposed to make his 
way into Italy on foot. He got as far as Fontainebleau 
when he was arrested as a suspicious character. Suspic- 
ion was only heightened when his very unplausible in- 
tentions were learned. The examination of his scanty bag- 
gage confirmed the impression. His mathematical papers 
were supposed to be notes written in cypher on the military 
condition of the country he was traversing. Various mathe- 
matical terms were given a military meaning. The word 
Kugel was constantly occurring; these passages were 
thought to refer to the artillery. The word Complex was 
also frequently repeated. Through imperfect knowledge of 
German script this was read Lomley and was thought to 
refer to a certain Monsieur Lomley, perhaps another spy, 
at least to some officer or military agent. Lie protested his 
innocence, maintaining that his papers were not written in 
cypher, that they had nothing to do with military affairs, 
and in short that they were mathematics pure and simple. 
If this were indeed so, Lie’s statements could be easily tested. 
As every one knows, the mathematics taught at the great 
military schools of France is of a very elevated nature. 
So an officer was summoned, doubtless one who was reputed 
to be expert in his mathematics and Lie was given a chance 
to prove his assertions. But, alas! Lie’s Kugelgeometrie 
had never been taught at the Ecole Polytechnique nor at 
St. Cyr, and so was utterly incomprehensible to his exami- 
nator, who became convinced that he had before him not 
only a spy, but a crazy one at that. So Lie was cast into 
prison until some weeks later, when at the instance of Dar- 
boux and other friends in Paris, he was released. 

The two principal papers of the day were by Hensel, 
‘Ueber die analytisch-arithmetische Theorie der alge- 
braischen Functionen von zwei Variablen’’; and by Hil- 
bert, ‘‘ Ueber das Dirichlet’sche Princip.’’ The latter, 
treating an old and celebrated problem with striking orig- 
inality, excited universdl surprise and admiration. As 
everyone knows, Riemann’s epoch making researches in 
abelian functions rest on a half-mathematical, half-phys- 
ical principle which Riemann called Dirichlet’s Principle 
and which relates to the minimum of a certain integral. 
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After Weierstrass’s criticism it became necessary to give 
Riemann’s theory a new foundation, which marred its orig- 
inal beauty and simplicity. Hilbert showed how the theory 
of ensembles, of partial differential equations, and the 
calculus of variations enable us to remove Weierstrass’s ob- 
jection and so return to Riemann’s original treatment. 

Another paper of general interest was by Noether, ‘‘ Mit- 
theilungen ber Riemann’s Vorlesungen von 1861-62 iiber 
Abel’sche Functionen.’’ This was another step in the un- 
dertaking which has been some time on foot to collect and 
make accessible everything connected with Riemann’s sci- 
entific activity. 

On Tuesday evening there was a grand banquet given in 
the Odeon. High dignitaries and world renowned savants 
were present. There were toasts and speeches in profusion. 
I could not stay to the end, but had to hasten away to take 
part at a festivity of a more enjoyable kind. This came 
about so. The members of the Mathematische Verein- 
igung seem to consider great official banquets rather a tire- 
some superfluity. At any rate it was well known by past 
experience that hardly anyone would attend, and so Profes- 
sor and Mrs. Pringsheim took this opportunity to extend to 
the members of the Vereinigung and their wives the hos- 
pitality of their house, or rather palace, for such it really 
is in the noble proportions of its rooms and its rare collec- 
tions of objects of art. Here we were indeed royally en- 
tertained. After a rich collation, cigars and the genial flow 
of mathematical, postprandial speeches were in order. 

Wednesday morning was spent in joint session with the 
naturwissenschaftliche Hauptgruppe of the Gesellschaft. 
The subject of the papers was the ‘‘ Decimal division of the 
circle and unit of time.’? These gave rise to a lively and 
prolonged discussion. In the afternoon there were various 
excursions to points of interest in the surroundings of 
Munich. The most interesting was to Schleissheim, where 
a splendid medieval pageant and an inspection of the 
treasures of the old castle were the attractions. 

Thursday morning the two most interesting papers read 
were by Brill: ‘‘ Ueber ein Beispiel des Herrn Boltzmann 
zur Mechanik von Hertz,’’ followed by an instructive dis- 
cussion in which Boltzmann took part; and by Study: 
‘‘Geometrie der Dynamen.’’ The word Dyname, is Pliick- 
er’s term for a system of forces acting on a rigid body, which, 
as well known, can be replaced by a couple and a resulting 
force. Study gave an account of his new geometrical repre- 
sentation of such a system and illustrated its great value ; 
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one paper by him on this subject has already appeared in the 
Leipziger Berichte. 

In the afternoon a joint session with the Abtheilung fir 
mathematischen und naturwissenschaftlichen Unterricht of 
the Gesellschaft was held. The papers by H. Weber and 
Hauck were of great interest. The subject of discussion 
was the ‘‘Ordnung des mathematischen Universitatsunter- 
richts auf Grund der neuen preussischen Priufungsordnung.”’ 
This refers to the new requirements in descriptive geometry, 
technical mechanics, graphical statics, geodesy, and the ad- 
justment of observations in the state examinations for gym- 
nasial teachers in mathematics. They have been imposed 
with the purpose of laying more emphasis on applied mathe- 
matics and so help fill up to some extent the great gap which 
is beginning to separate pure mathematics from the practical 
needs of present sociological conditions. Klein has been 
identified with this movement from the start and is perhaps 
its chief exponent. 

From 11 to 1 o’clock the same day the business meeting 
of the Vereinigung took place. Various reports were made. 
In the election to replace Hauck and Voss, whose term of 
office on the council expired, A. Mayer (Leipzig) and Dyck 
(Munich) were chosen. Later, Mayer has begged to retire 
in favor of Minkowski, who had received the next highest 
number of votes. The president for the ensuing year is 
Hilbert. 

I may mention here that a meeting of the academic com- 
mission and the editors of the Mathematical Encyclopedia 
took place some days later and the following arrangement 
was made for the remaining volumes: Vol. 1V, Mechanics, 
editor, F. Klein; Vol. V, Physics, editor, A. Sommerfeld ; 
Vol. VI, (a) Geophysics, Geodesy, editor, E. Wiechert; 
(6) Astronomy, editor, H. Burkhardt. 

Thursday evening there was a gala presentation at the 
court theater. The members of the Vereinigung did not 
care to attend; they had a private entertainment. This 
was a Kneipe given by the Munich members. It took place 
in one of the halls of the Neuer Ratskeller, and, as usual, 
was graced by the presence of the ladies. It was a very 
pleasant and cordial occasion. 

Friday there was again a general session in the royal 
theater. The address of chief interest to mathematicians 
was the remarkable paper by Boltzmann, of Vienna: ‘‘Ueber 
die Entwickelung der Methoden der theoretischen Physik 
in neuerer Zeit.’’ The Vereinigung also had a meeting of 
its own the same day, at which various mathematical papers 
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were read, and one by Rudel (Nurnberg) on ‘‘ Die neue 
bayrische Prifungsordnung fir das Lehramtsexamen der 
Lehrer fir Mathematik und Physik.’’ This was followed 
by a long discussion on the questions involved in it and in 
the previous papers of Weber and Hauck. 

Before closing, let me add that the mathematical papers 
mentioned here, together with many others, will appear ere 
long in the eighth volume of the Jahresbericht of the Vereini- 
gung. The few remarks I have made will indicate suffi- 
ciently their importance and scope. I have, finally, the 
pleasure of thanking the amiable secretary of the Vereini- 
gung, Prof. Dr. Gutzmer, for notes of the sessions I could 
not attend. 

JAMES PIERPONT. 

YALE UNIVERSITY, 

March, 1900. 


HILBERT’S FOUNDATIONS OF GEOMETRY. 


Grundlagen der Geometrie. Von Dr. Davip H1Bert, o. Pro- 
fessor an der Universitat Gottingen. (Festschrift zur 
Feier der Enthillung des Gauss-Weber-Denkmals in Got- 
tingen. Herausgegeben von dem Fest-Comitee.) Leipzig, 
Teubner, 1899. 8vo, 92 pp. 

THE committee in charge of the unveiling of the Gauss- 
Weber monument at Géttingen has published a memorial 
volume intended to commemorate the celebration and to 
serve as a worthy tribute to the genius of the two great men 
of science. ‘Two professors of the University of Gottingen 
present in this volume their investigations concerning the 
foundations of the exact sciences : Professor Hilbert treats 
of the foundations of geometry ; Professor Wiechert dis- 
cusses the foundations of electrodynamics. The present 
notice deals only with the former of these memoirs. 

It is the object of geometry to analyze and describe our 
space intuition. The abstraction from spatial intuition 
leads to three systems of objects: points, straight lines, and 
planes, which as elements of such intuition, must lie at the 
basis of any description of space. By means of definitions 
these elements are brought into certain correlations for 
which geometry tends to establish general laws. In order 
to obtain in this way a logically consistent system of propo- 
sitions certain requirements, called axioms, must be satis- 
fied by all imaginable mutual relations between the elements. 
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Among the axioms of geometry two types can be distin- 
guished: axioms of position and axioms of magnitude. 
The axioms must have immediate general validity and 
form a system of propositions independent of each 
other, not further reducible, and not in contradiction one 
with any other. Only on the basis of such axioms is any 
geometrical definition possible ; that is, a definition provided 
it be thinkable, gains its meaning only when it can be 
shown from the axioms that it has a real content. In ad- 
dition to these requirements it can be demanded of a sys- 
tem of axioms that it be simple, in other words, that the least 
possible number of propositions be used to establish and 
sharply circumscribe the relations between the elements, none 
of the axioms being redundant, ¢. e., deducible as a corollary 
from any of the others. The addition of the requirement 
of completeness of the system of axioms will have a meaning 
only with regard to the particular purpose in view. It is 
possible to detach (as Professor Hilbert repeatedly does in 
his researches) certain axioms from the system and build 
up by means of them alone a geometry forming a logically 
consistent system and leading to no contradictions. It is, 
however, perfectly legitimate to inquire what is the com- 
plete system of axioms required for laying the foundation 
of analytic geometry. 

Euclid’s system of geometry has always been open to ob- 
jection on two points: the introduction of the axiom of 
parallels, and the doctrine of proportions and areas. While 
the latter point, since Euclid’s times, has hardly been es- 
sentially improved, it is well known how numerous have 
been the investigations concerning the former. The ques- 
tion whether Euclid’s eleventh axiom can be deduced from 
his other axioms has finally been answered in the negative, 
a non-euclidean geometry having been constructed by 
Gauss, Lobachevsky, and Bolyai. The new methods that 
brought about this final settlement of the old controversy 
over a much debated problem have led to entirely new 
views concerning the investigation of the axioms in general. 
They made it possible for Riemann, Helmholtz, and Lie 
to found geometry on an analytical basis, a method very 
different from Euclid’s. By;conceiving of space as a mani- 
fold of numbers these authors dispose at once of a number 
of geometrical axioms without the necessity of investigating 
them in detail. In sharp contrast to these analytical at- 
tempts we have the purely geometrical researches of Profes- 
sor Veronese, and also the investigations of Professor 
Hilbert. 
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It is our author’s aim to lay the proper foundations for 
euclidean geometry, and beyond this, for analytic geometry. 
His system thus finds its conclusion with the final recogni- 
tion that space can be regarded as a manifold of numbers. 
Among the more important points in which Professor Hil- 
bert’s memoir marks a distinct advance I wish to call par- 
ticular attention to the following: 

(1) The introduction of the axioms of congruence, and 
the definition of motion as based on these ; (2) the syste- 
matic investigation of the mutual independence of the 
axioms, this independence being proved by producing ex- 
amples of new geometries which are in themselves interest- 
ing; (3) the principle of not merely proving a proposition 
in the most simple way but indicating precisely what axioms 
are necessary and sufficient for the proof; (4) the theory 
of proportions and areas without use of the axiom of con- 
tinuity, and more generally, the proof that the whole of 
ordinary elementary geometry can be treated without refer- 
ence to the axiom of continuity; (5) the various algebras 
for segments (Streckenrechnungen), in connection with the 
fundamental principles of arithmetic. 

We now proceed to the discussion of particular points. 

In the first chapter all the axioms are classed in five main 
groups. Group I, comprising the axioms of combination ( Ver- 
kniipfung), contains two plane axioms, viz: (I, 1) Any two 
different points A and B determine a straight line a; (I, 2) 
any two different points of a straight line determine this 
line; and five space axioms (the only space axioms of the 
whole system), viz: (I, 3) any three points not on the same 
straight line determine a plane; (I, 4) any three points of 
a plane, not on the same straight line, determine this plane; 
(1, 5) if two points of a straight line lie in a plane, every 
point of the line lies in this plane; (I, 6) if two planes have 
a point in common, they have at least one other point in 
common; (I, 7) on any straight line there exist at least two 
points, in any plane at least three points not on a straight 
line, and in space at least four points not in a plane. 

The group II, forming the axioms of order ( Anordnung), con- 
tains four linear axioms, about theorder of points on a straight 
line, such as (II, 3) among any three points on a straight 
line there always is one, and only one, that lies between the 
other two; and one plane axiom, viz: (II, 5) Let A, B, C 
be three points not on a straight line, and a a straight line 
in the plane ABC, not meeting any one of the points A, B, 
C; then, if the line a passes through a point within the 
segment AB, it will always pass through a point of the seg- 
ment BC, or through a point of the segment AC. 


290 HILBERT’S FOUNDATIONS OF GEOMETRY.  [April, 


These axioms are sufficient to show that a straight line 
contains an unlimited number of points, that it divides the 
plane into two regions, that any one of its points divides the 
line into two half-rays. It becomes possible to define 
polygons and it can be proved that a simple polygon divides 
the plane into two regions. The following very convenient 
definition of an angle might find its place here: an angle is 
the system of two half-rays issuing in a plane « from the 
same point O and belonging to different straight lines. The 
interior of the angle is the region that contains completely 
the segment joining any two internal points. 

Euclid’s axiom of parallels (group III), ‘‘ whose intro- 
duction simplifies the foundations and facilitates the building 
up of geometry’’ is given in the form: In a plane ¢ it is 
always possible to draw through a point A, not on the 
straight line a, one and only one straight line not meeting 
the line a. 

In the fourth group we find, besides the axioms about the 
congruence of segments and angles, the following: (IV, 6) 
If for two triangles ABC and A’ B’C’ the congruences 


AB=A'BR’,, AC=A'C, 
are true, then the congruences 
and xX ACB=A'CB 


are also satisfied. It is to be noted that, according to Pro- 
fessor Hilbert’s definitions, congruence and symmetry are 
originally not distinguished. 

Among the corollaries of the axioms of congruence atten- 
tion may be called to the proof for the congruence of all 
right angles, a proposition which in Euclid appears as the 
fourth postulate. It is obvious how the four groups of 
axioms so far mentioned can serve to define motion in space, 
even in a non-euclidean space. The circle is defined in the 
usual way. 

The axiom of Archimedes (or axiom of continuity), forming 
group V, completes the system, which contains in all 8 
linear, 7 plane, and 5 space axioms. It is stated as fol- 
lows: (V) Let A, be any point on a straight line between 
two arbitrarily given points A and B; construct the points 
A,, A,, A, --- so that A, lies between A and A,, A, between 
A, and 4A,, and so on, and that the segments 


AA, A,A, 4,4, 4,4y 


are all equal ; then among the points A,, A,, A,, --- there 
will always be a point A, such that B lies between A and 
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A,. While this formulation of the axiom enables us to de- 
fine the equality of segments in the sense of general projec- 
tive measurement, it does not involve the continuity of the 
straight line in the ordinary sense ; it only furnishes a con- 
dition necessary for an algebra of segments. It would be 
best to avoid in this connection the use of the term con- 
tinuity altogether ; indeed, the axiom of Archimedes does 
not relieve us from the necessity of introducing explicitly an 
axiom of continuity, it merely makes the introduction of 
such an axiom possible. Thus, for the whole domain of 
geometry, Professor Hilbert’s system of axioms is not suffi- 
cient. For instance, while it follows from this system that 
a circle and a straight line have in common two points, or 
one point, or no point, it would be impossible to decide 
geometrically whether a straight line that has some of its 
points within and some outside a circle will meet the circle ; 
in other words, it remains undecided whether or not the 
circle is a closed figure. It also follows, for instance, that 
aright-angled triangle cannot in general be constructed from 
the hypotenuse and one side. 

Is the system of axioms outlined above consistent in 
itself? Does it not contain any statement, or statements, 
whose application may finally lead to something unthinkable 
or self-contradictory? As geometry is built up by the in- 
definitely repeated application of the axioms, the possi- 
bility is not excluded that a contradiction might appear 
only after an unlimited repetition of such application. J. 
H. Lambert compares the axioms to as many equations that 
can be combined in innumerable ways. Professor Hilbert, 
to decide the question of consistency, imagines the domain 
of an enumerable ensemble of numbers and represents a 
point by two numbers of the domain, a straight line by the 
ratios of three numbers. With the aid of certain conven- 
tions about the order of the points on a line, etc., about 
translation and rotation, a geometry is thus defined for 
which all five groups of axioms hold. The question is thus 
transferred from the domain of geometry to that of arith- 
metic; any contradiction in the geometry must appear in 
the arithmetic of the imagined domain of numbers. But 
just because the question is merely transferred, the same 
problem remains open for arithmetic. It would seem de- 
sirable to find a decision in the geometrical domain itself 
and not to leave it to a lucky chance of future times. The 
importance of a final decision as to the absence of contra- 
dictions among the axioms is apparent; it is higher even 
than the question as to their mutual independence. 
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In the present memoir the author discusses the axiom of 
parallels, the congruence axiom for triangles, and the axiom 
of Archimedes, each as to its independence of the axioms 
of the other groups. An exhaustive investigation of the 
whole subject of the mutual independence of axioms was 
given by Professor Hilbert in a course of lectures on euclid- 
ean geometry in the University of Gottingen, 1898-99, 
which thus supplements the printed memoir. The method 
of proof in every case consists in showing that there exists 
a consistent system of postulates by means of which it is 
possible to construct a geometry in which the axiom under 
discussion does not hold. 

Thus, to prove the independence of axiom (I, 5) of all 
other axioms of the first group, Professor Hilbert proceeds 
as follows. Let the points of the new geometry be those of 
euclidean space with the exception of a single one, 0; let 
the planes be planes ; and let us take as straight lines the 
circles through the point O, which does not exist in the new 
geometry. For this geometry all the axioms of the first 
group hold excepting the fifth. It should be observed that 
in this method of reasoning ‘‘the properties of euclidean 
space are used merely as abbreviating notations for certain 
arithmetical relations.”’ 

The proofs for the independence of the axioms become the 
more involved the greater the number of axioms regarded 
as valid. In his lectures Professor Hilbert enters upon a 
broader discussion of these questions, especially in regard to 
non-euclidean geometry, the proof of the congruence the- 
orems in this geometry, etc. 


c B A 


Fig. 1. 


For the further development of plane geometry two well- 
known propositions appear to be of fundamental importance; 
the recognition of this fact must be regarded as an important 
advance. The author denotes these propositions briefly as 
Pascal’s and Desargues’s, formulating them as follows: 


A 
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Pascal’s proposition: Let A, B, C and A’, B’, C’, respec- 
tively, be any three points on each of two intersecting 
straight lines, all different from the point of intersection ; 
then, if CB’ be parallel to BC’ and CA’ parallel to AC’, 
BA’ will be parallel to AB’. 

Desargues’s proposition: If two triangles be situated in a 
plane in such a way that any two corresponding sides are 
parallel, then the joins of the corresponding vertices pass 
through one and the same point or are parallel. 

The proof of Pascal’s proposition, as a theorem of plane 
geometry, is readily obtained by means of the axioms (I, 1), 
(I, 2), Il, III, and IV (axioms of congruence), without the 
aid of the principle of Archimedes. The essential difference 
between the two proofs given by Professor Hilbert for this 
proposition lies in the fact that in the second proof not all 
the axioms of congruence are used, the axiom of congruence 
for triangles being replaced by one for isosceles triangles. «4 

By devising an algebra of segments (Streckenrechnung) 
based on Pascal’s proposition the true import of this theo- 
rem for the construction of the system of geometry is 
brought out very clearly. The sum of two segments on the 
same line being.defined in the usual way, let the product 
be defined as follows: On one side of a right angle lay off 
from the vertex O the segment a, on the other the segments 
1 and b; then draw 1a and through 6 the parallel to 1a; this 
parallel will cut off on the 
other side a segment e¢ 
(counted from QO) which is 
defined as the product 


c-a6 
c=a-b 
of the segment a into the % 
segment b. 
In this algebra of seg- @ 7 ; 


ments the commutative and 
associative laws hold of 
course for the sum; but Fic. 2. 

they hold also, and this is 

the meaning of Pascal’s proposition, for multiplication. 
Finally, it can be shown that the distributive law, 


a(b + ¢) = ab + ae, 


holds likewise. 
It is obvious how closely this algebra is connected with 
the theory of proportions. Let the proportion 


a:b=a': 0’, 
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where a, 6, a’, b’ are any segments, be defined as equivalent 
to the equation of segments 


a-b' =b-a’. 


If, moreover, similar triangles be defined in the usual way, 
it is easy to prove, with Professor Hilbert, on the basis of 
the algebra of segments, the general validity of the theorem 
of proportions, and it can further be shown that a straight 
line is represented by a linear equation. 

While this use of Pascal’s proposition for the theory of 
proportions is certainly an important advance it is still more 
surprising to see the great importance assumed by this 
proposition as basis for the theory of the areas of plane 
figures. 

Two polygons are said to have equal area (flachengleich) 
if they can be resolved into a finite number of triangles that 
are congruent iv pairs. They are said to have equal content 
(inhaltsgleich) when it is possible to add to them polygons 
of equal area so that the new polygons so arising have equal 
area. These two definitions are quite distinct because the 
investigation is to be carried on independently of the 
validity of the axiom of Archimedes. It can then be proved 
that rectangles, parallelograms, and triangles of equal bases 
and equal altitudes have equal content. The fundamental 
theorem formed by the converse of the last proposition, viz., 
if two triangles of equal content have equal bases, they must have 
equal altitudes, requires the introduction of the idea of measure 
of area (Flacbenmass), which in the case of the triangle is 
simply half the product of base and altitude ; the theorem 
is then readily proved by very clear, though somewhat 
lengthy, considerations. Asan elegant application of these 
results appears finally the proposition (previously discussed 
by other authors): 

If, after cutting up a rectangle by means of straight lines 
into a number of triangles, any one of these triangles be 
omitted it will be impossible to make up the rectangle from 
the remaining triangles. 

As regards Desargues’s proposition it is known that it can 
easily be proved with the aid of all the axioms of group I 
(including the space axioms) as well as those of groups II 
and III. This fact can be expressed by saying that the ex- 
istence of Desargues’s proposition in the plane is a neces- 
sary condition if the plane geometry is to be part of a solid 
geometry, or the plane a part of space. Leaving out the 
space axioms it is impossible to prove Desargues’s proposi- 
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tion with the aid of the remaining among the above-named 
axioms. Indeed, Professor Hilbert shows that this proposi- 
tion cannot even be true in a plane geometry in which all 
axioms hold excepting the axiom of congruence for tri- 
angles. This proof will be read with great interest inas- 
much as it leads to the construction of such a geometry 
which invites further investigation. It must, however, not 
be regarded as proved that the axioms of Hilbert’s system 
are all necessary for the truth of Desargues’s proposition ; 
it is not impossible that its existence is independent of the 
axiom of parallels. 

The importance of Desargues’s proposition in the system 
of geometry and its relation to Pascal’s proposition appear 
clearly from an algebra of segments based upon it. In this 
algebra, in which the constructions do not differ from those 
of the algebra referred to above except in so far as an arbi- 
trary angle takes the place of the right angle, the asso- 
ciative and commutative laws hold for addition ; for multi- 
plication the associative and distributive laws are true, but 
not the commutative law. 

The equation of the straight line is found to be of the 
form 

ax + by +ce=0, 


a, 6, ce being segments of the given system, z and y coordi- 
nates ; in the products az and by the order of the letters is 
essential. It can now be shown analytically that a solid 
geometry is possible in which all the axioms I to IIT hold. 
It follows that, the plane axioms of group I and the axioms 
of groups II and III being assumed, the existence of 
Desargues’s proposition is the necessary and sufficient con- 
dition under which the plane geometry is part of the solid 
geometry based on those axioms. 

To examine further the relations of Desargues’s to Pas- 
cal’s proposition we may proceed as follows, with the aid of 
the algebra of segments based on Desargues’s theorem. 

Let us take on one side of an arbitrary angle the seg- 
ments 

OA=a, OB=b, OC=e, 


and on each side of the angle a unit segment 
OE=1, OF =1. 


If through A, B, or Ca parallel be drawn to the “ unit 
line” EE’, meeting the other side at A’, B’, C’, then we put 


0A = OA'=a, OB = OB'= 5, etc. 
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The sum of two segments 6 and ¢ is formed by the usual 
rules : In the figure, B’ L is drawn parallel to OC, CL parallel 
to OB’, and LD parallel to BB’, which is parallel to EE; 
hence 

OB = CD 
and OD=b+e. 


Fig. 3. 


The product of the segment a into the segment 5 is de- 
fined simply by drawing through B a parallel BF’ to EA’ 
and putting 

OF'= a-b. 


The commutative law does not hold for this product be- 
cause we have not introduced the axioms of congruence, 
nor the axiom of Archimedes, so that these axioms cannot 
be used for the proof. Professor Hilbert has shown, how- 
ever, that the distributive law holds for our multiplication, 
i. e., we have for instance 


a(b +c) = ab + ae. 


The figure shows the construction of the two expressions 
a(b +c) and ab + ac: we have 
OF'’= ab, 0G = ae, 
OD=b+e, OP’= OP= a(b + = ab + ae. 


D 
P 
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The distributive law requires that the line PP’ which is 
parallel to AA’ should pass through K. 

It is now seen without difficulty that there exists one and 
only one segment z corresponding to the equation 


x-a(b +c) = ab. 


At this stage we add explicitly to the axioms so far used, 
viz. (I, 1), (1, 2), II, III, the assumption that in our alge- 
bra the commutative law shall hold for multiplication on a 
straight line. Then the equation 


ax(b + ¢) = ab 
is true, and hence the segment z also satisfies the equation 
z(b+cec)=), 


which means for the figure the parallelism of the lines F’P 
and B’D. 

Thus the sides of the triangles F’PK and BDL are 
parallel in pairs so that, according to the converse of 
Desargues’s proposition, the points O, K, L lie on a straight 
cae From the triangles F’GK and B’ CL it follows further 
that 

F’G is parallel to B’C. 


In the hexagon BF’GG’ CB’ the points Band G’ can be 
selected arbitrarily, also the directions 


BF’ parallel to CG’, and BB’ parallel to GG’. 


We are thus led to Pascal’s proposition for two straight 
lines ; and it can now easily be shown that the commuta- 
tive law of multiplication and Pascal’s proposition hold for 
the whole plane. 

Without introducing the new assumption it would not 
have been possible to show that 


F'P is parallel to B’D; 


i. e., Pascal’s proposition would not hold. 

Let us sum up these results in the two propositions : 

(1) Pascal’s proposition can be proved by means of the 
axioms I, II, III, and the commutative law of multipli- 
cation, 7. e., without any use of the axioms of congruence. 

(2) Pascal’s proposition can not be proved by means of 
the axioms I, II, IIT alone, 7. e., without using the axioms 
of congruence and the axiom of Archimedes. 
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The algebras of segments based on Desargues’s and 
Pascal’s propositions, in which the totality of all segments 
is regarded as a number system, leads the author repeatedly 
to discussions concerning the principles of arithmetic. 

The real numbers form a system of objects subject to cer- 
tain laws of combination and order and to the proposition 
of Archimedes. The twelve laws of combination enumerated 
by Professor Hilbert refer to addition, multiplication, divi- 
sion, and involve the laws of association, distribution, and 
commutation. There are four propositions of order. The 
proposition of Archimedes is as follows : 

If a> 0 and b> 0 be any two numbers, it is always pos- 
sible to add a a sufficient number of times to itself so that 
the resulting sum shall have the property : 


ata+--+a>b. 


Any system of objects that satisfies at least some of these 
17 propositions is called by Professor Hilbert a complex num- 
ber system. 

The two algebras of segments, which do not satisfy the 
17th postulate, are called non-archimedean number systems ; 
the segments of the algebra based on Desargues’s proposi- 
tion, in particular, form an arguesian number system. 

Of particular importance is the following result of the 
investigation as to the mutual interdependence of the 17 
propositions : 

In any number system in which the proposition of Archi- 
medes holds, the commutative law of multiplication can be 
deduced from the other laws of operation ; and: 

There exist non-archimedean number systems in which 
the commutative law of multiplication can not be deduced 
from the other laws. 

In connection with the investigation of the principles of 
geometry Professor Hilbert discusses geometrical construc- 
tions. The old problem of constructions performable with 
the ruler or with the compasses alone is generalized to the 
question of indicating all problems solvable only by draw- 
ing straight lines and laying off segments. It appears that 
this condition is satisfied by the geometrical problems that 
can be solved by means of the axiomsI to V. The closely 
related question as to whether any given geometrical prob- 
lem can be solved by drawing straight lines and laying off 
segments alone, is answered by Professor Hilbert on the 
basis of profound speculations in the theory of numbers 
published by him elsewhere. 
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T conclude this review by expressing the hope that the 
important new views on the foundations of geometry opened 
up in this memoir may soon become generally known and 
be introduced into the teaching of elementary geometry. 


J. SomMER. 
GOTTINGEN, OCTOBER, 1899. 


KOENIGS’ LECTURES ON KINEMATICS. 


Lecons de Cinématique professées 4 la Sorbonne par GABRIEL 
KoeEnics, avec des notes par M. G. Darsovux et par 
MM. E. et F. Cosserat. Paris, Hermann, 1897. 8vo., 
x + 499 pp. 

Wir this book Professor Koenigs begins the publication 
of a treatise consisting of two or three volumes, which is to 
present the development of a course of lectures on kinematics 
delivered annually either at the Ecole Normale or the Sor- 
bonne for the last eight years. The first volume, the first 
ten chapters of which were printed in 1894, is devoted to 
theoretical kinematics ; the rest of the work will be occupied 
with applied kinematics. 

Kinematics as a distinct science is of comparatively re- 
cent origin. The formule which give the variations of the 
coordinates of the points of a movable solid in space were 
published by Eulerin 1750. D’Alembert suggested the im- 
portance of studying the laws of movements separately. 
Ampére drew a definite demarcation between mechanics 
and the geometry of movement, but his object was to de- 
velop kinematical science solely for its use in the theory of 
mechanisms ; the term kinematics is due to Ampére. Pre- 
viously, in his geometry of position, Carnot predicted a 
much wider career for this science then to be, by calling at- 
tention to the fact that mechanics and hydromechanics 
would be infinitely simplified if the theory of geometrical 
motions were thoroughly investigated, since then the ana- 
lytic difficulties encountered in the study of equilibrium and 
motion would be reduced to the general principle of the 
communication of motions, which is only another form of 
the principle of action and reaction. In 1838 Poncelet in- 
cluded the geometric properties of moving bodies in his 
course at the Faculty of sciences of Paris ; with the excep- 
tion of the notions of Chasles, we owe to Poncelet the theory 
of the continuous motion of a solid in space. Willis, of 
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Cambridge University, published a treatise on kinematics 
in 1841, and twenty-one years later Resal’s treatise on pure 
kinematics appeared. 

The present form assumed by this body of doctrine in the 
exposition of mathematical science in France is due largely 
to the lectures of Bouquet, Darboux, and Tannery, who 
have treated kinematical questions with that absolute pre- 
cision and unflinching rigor demanded by mathematics. 
The influence of Tannery’s course, given for several years 
at the Faculty of sciences of Paris, is especially notable; here 
we find the time relegated to its proper réle as an auxiliary 
variable, and kinematics itself interpreted as the geometry 
of displacement. 

Koenigs’ treatise promises to be a classic. In facing the 
formidable array of researches and methods of Poinsot, 
Chasles, Bonnet, Ribaucour, Darboux, anda host of others. 
the author must have experienced no little difficulty in 
choosing a method of exposition of the subject matter. A 
treatise that is to be both scientific and didactic must con- 
sider the demands both of the student and of the scientist. 
Knowledge is of most use when accompanied by a kit 
of tools, and the instructor’s art is a double one—he 
must not only present the facts of a subject with reasons 
for faith in them, but also employ those methods which 
promise results at the hands of the independent investigator. 
Further, the method should have the necessary breadth and 
unity, and be possessed of the clearness and directness of 
geometry and the power and generality of analysis. This 
multiplicity of demands Professor Koenigs has met admir- 
ably by basing his exposition on the geometry of the straight 
line and employing the mobile trieder of reference ; the lat- 
ter in the hands of Ribaucour and Darboux has proved 
itself to be the most certain and powerful implement yet 
used in infinitesimal geometry and it naturally lends itself 
with equal facility and elegance to the geometry of dis- 
placement.* 

The first chapter is taken up with preliminary geometric 
notigns, principally the theory of segments. The author 
regrets in his preface that the latter theory has not yet 
found a place in elementary mathematics. Its introduction 
in a work on kinematics is as annoying as that of kine- 
matics in a treatise on dynamics. The theory belongs to 
geometry and, as Koenigs pertinently remarks, the business 


* It may be remarked that the English writers on mechanics have also 
used the method of moving axes for a long time with success ; see, for ex- 
ample, Routh’s treatise on rigid dynamics. 
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of the geometer is not alone to discover new facts, but also 
to classify results already found and to group together ideas 
of the same kind. The chapter considers in turn projec- 
tions, moments, systems of segments, couples, the theory of 
the right line, and concludes with a beautiful application of 
the theory of complexes to systems of segments. 

The notions of motion, velocity, and acceleration are pre- 
sented in the second chapter. The velocity is defined both 
as an algebraic and as a geometric function of the time. 
The hodograph is introduced to define the acceleration and 
deduce its properties. Among the applications are har- 
monic, uniform helicoidal, and uniformly varied rectilinear 
motions. 

The third chapter is devoted to the change of the system 
of reference and the study of relative motion. The funda- 
mental relation between the absolute velocity, the relative 
velocity, and the velocity of restraint is followed by the 
derivation of the fundamental formule of kinematics which 
express the projections of the absolute velocity on the axes 
of the mobile trieder. These are applied to the compo- 
sition of velocities and lead directly to the theorems of 
Poinsot and Roberval for the construction of tangents and 
normals. 

The author gives an interesting historical note relative to 
Roberval’s method for constructing tangents. It was dis- 
covered in 1636 and communicated by Roberval to Fermat 
in 1640. It was published in the sixth volume of the me- 
moirs of the Paris academy of sciences. Roberval’s state- 
ment of the theorem isincorrect ; this error was reproduced 
by Montucla in his history and by Monge in his descriptive 
geometry ; the latter also gave faulty applications. These 
errors were rectified by Duhamel in a note inserted in the 
fifth volume of the Savants étrangers. 

In concluding the chapter Koenigs shows how the com- 
position of velocities may be utilized for the construction of 
tangents to conchoids of the most general form. 

The fourth chapter analyzes in detail the nature of the 
motion of one invariable system with respect to another ; it 
is one of the most successful parts of the volume. Its 
sections bear the captions: distribution of velocities in a 
moving solid, helicoidal motion, direct demonstrations of the 
helicoidal form of every infinitesimal displacement, rela- 
tions between the theory of linear complexes and that of 
the displacement of a solid, determination of a continuous 
motion when the rotations are known, and inverse move- 
ment. The reviewer regrets that he has space only to call 
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attention to the author’s presentation of the geometric 
method of Chasles which has been treated with fulness in 
the work of Schoenflies, to the analogy between the ideas 
of Chasles and the method of infinitesimal transformations 
of Sophus Lie, and to the application to space curves of the 
method of the mobile trieder as developed analytically in 
the theory of surfaces of Darboux. 

The fifth chapter defends Koenigs’ choice of method 
against all comers; in less than seven pages we find the 
complete theory of acceleration in relative motion devel- 
oped, the fundamental formule of Bour established and 
interpreted geometrically, the theorem of Coriolis demon- 
strated, and the distribution of accelerations in a moving 
solid studied. 

The sixth and seventh chapters are devoted to the motion 
of a plane figure in its plane, the latter being taken up 
largely with examples. Among the many details of these 
two chapters we observe, with interest, Koenigs’ generaliza- 
tion of Savary’s formula, the study of trajectories in the 
vicinity of a point, the simple presentation of the principle 
of planimeters, and Koenigs’ generalization of Steiner’s 
theorem relative to roulettes. 

Of the various movements of a body, two are particularly 
important: thé first is that in which a plane of the body 
slides upon itself; the second is that in which a spherical 
shell of the body slides upon itself, or what amounts to the 
same thing, in which the body has a fixed point. The two 
preceding chapters considered the first case; the eighth 
chapter studies the second. The theorem of Rivals and the 
analogue of Savary’s theorem are established by the same 
method employed in the case of plane motion ; the formule 
of Euler and Olinde Rodrigues terminate the chapter. 

The ninth chapter considers the most general continuous 
motion of a solid body. Koenigs studies first the curves 
connected with a moving figure which are possessed of en- 
velopes and shows by the method of Darboux that these 
curves can be obtained by quadratures. In the most gen- 
eral motion of an invariable figure there is always a ruled 
surface 4,, which joins at each instant a ruled surface 4, 
along a rectilineal generator 4, which is found to be the 
axis of the tangent helicoidal motion ; this particular roll- 
ing of 4,, upon 4,, Reuleaux designated by the term viration; 
the author studies the distinctive character of the viration 
in the general rolling of ruled surfaces. He considers the 
applicability and deformation of ruled surfaces, the rolling 
of developables and space curves, and concludes with certain 
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propositions relative to the acceleration in the motion of a 
solid body. 

The heading : degrees of liberty of a moving system, move- 
ments with several parameters, gives the key to the tenth 
chapter. The various sections are occupied with the degrees 
of liberty of a solid body, the motion of a body subject to 
four conditions, and movements dependent on three para- 
meters. 

The eleventh chapter devoted to articulate systems is one 
of the most extensive of the volume. It is introduced with 
a valuable historical sketch recounting the researches* of 
Scheiner, Watt, Peaucellier, Kempe, Hart, Lipkine, Tche- 
bicheff, Sylvester, Clifford, Roberts, Cayley, Saint-Loup, 
Laisant, Lemoine, and Darboux. The general reader may be 
interested in Neuberg’s résumé of his elementary conferences 
on linkwork and Liguine’s bibliography; to which the au- 
thor refers. This chapter is admirably constructed and is 
enriched by Koenigs’ own contributions which have been of 
both a practical and theoretical kind. The material is ar- 
ranged in the following order—-systems having four mem- 
bers, link transformers, exact or approximate determination 
of the rectilineal motion of a point, motions and transfor- 
mations which can be realized by the same linkwork, 
applications of linkworks to the resolution of equations and 
the representation of functions, linkworks in space, general 
theorems on linkworks ; among these last mentioned the- 
orems there appears the very remarkable one of the author 
that every algebraic space curve or surface can be described 
by means of linkwork. 

The last chapter, on displacement as a particular case of 
homography, introduces a new chapter in kinematics and is 
of itself a superb geometrical memoir. The reviewer must 
content himself however with a mere index of the sections 
—movement of a plane figure, displacement of a figure in 
space, imaginaries in the kinematics of the plane, linear 
substitutions of one variable and displacements about a 
fixed point. 

The volume is happily supplemented by the notes of MM. 
Darboux, E. and F. Cosserat, and the author. 

In his first note Professor Darboux presents a new dem- 
onstration of the formule of Euler and Olinde Rodrigues, 
which is direct and yields an immediate interpretation of 
the parameters. 


* The names follow in the order taken up by Koenigs. 
t Bulletin des sciences mathématiques, 2d series, vol. 7. 


\ 


304 KOENIGS’ LECTURES ON KINEMATICS. [April, 


The second note of Darboux studies the reversions and 
planeinversions. By reversion (renversement) Darboux means 
the rotation of a figure through 180° about a straight line 
in space, and by plane inversion a symmetry with regard to 
a plane. These two transformations simplify the study and 
composition of displacements. 

Darboux’s third note is an elaborate memoir on algebraic 
movements. It consists of three divisions: movement of 
which all the trajectories are plane, use of the formule of 
Olinde Rodrigues in the study of algebraic movements, 
motions in which certain points of the body describe planes 
or plane curves. 

The note of MM. Cosserat is an extract of a memoir pub- 
lished in the Toulouse Annales on the kinematics of a con- 
tinuous medium. The introduction of this note is pecu- 
liarly fortunate for it is high time that kinematics should 
comprehend the study of deformation and of deformable 
spaces. The authors have included in their extract certain 
generalities on curvilinear coordinates, the deformation of a 
continuous medium in general, infinitely small deformation, 
use of the mobile trieder, and the case where the non-de- 
formed medium is referred to any curvilinear coordinates. 

Koenigs’ own notes are eleven in number and on the fol- 
lowing subjects: tetraedral coordinates of segments, the 
theory of Grassmann, infinitisimal properties of linear com- 
plexes, the expression of the virtual work of forces applied 
to a solid body, the volumes generated by a closed contour, 
the problem of centers of curvature in the movement of a 
plane figure, accelerations, Ball’s theory of screws, the 
cylindroid, the composition of rotations and quaternions, 
and graphical representation. 

The mechanical execution of the book is excellent and the 
marginal headings and leaders are especially useful. The 
mathematical public would welcome an announcement from 
M. Hermann that the second volume of Koenigs’ work is 
ready. 

E. O. Lovert. 


PRINCETON UNIVERSITY. 


NOTES. 


Tue British association for the advancement of science 
will hold its next annual meeting at Bradford opening Sep- 
tember 5th. Sir WiLtt1am TuRNeEr is president of the as- 
sociation and Dr. J. Larmor is president of the mathemat- 
ical section. 


THE annual meeting of the German mathematical asso- 
ciation will be held simultaneously with the seventy-second 
meeting of the German association of scientists and physi- 
cians at Aachen, September 17-22, 1900. It is requested 
that the announcements of all mathematical papers intended 
for presentation be sent in time to reach Professor A. Gutz- 
MER, Wildstrasse 2, Jena, before the first of May. Pro- 
fessor D. Hitpert is president of the association for the 
present year. 


For the regular meeting of the London mathematical so- 
ciety to be held March 8th, a paper by Mr. W. F. SHEpparpD 
‘On the use of the curve of error as an auxiliary curve in 
statistics,’’ was announced. 


Art the meeting of the London royal society, held March 
1st, Professor Kart PEArson presented, under the title, 
‘On the correlation of characters not quantitatively meas- 
urable,’’ the eighth of his series of papers of mathematical 
contributions to the theory of evolution. 


Tue following papers were presented at the regular meet- 
ing of the Edinburgh mathematical society held March 9th : 
—‘‘A note on change of coordinate axes,’’ by Professor Srrc- 
GALL; ‘‘ The condition for multiple roots of the equation in 
4, (a—A, b—A, ---)=0,"" by Mr. C. Tweenie ; ‘‘ The analyt- 
ical representation of a potential function by means of cylin- 
drical and spherical harmonics, with applications to Green’s 
problem,’’ by Mr. J. DouGatt. 


Ar a meeting of the Royal Irish academy held at Dublin, 

January 22d, 1900, the Reverend W. R. Wrestropp Roperys 

to a number of other integrals of the form 
(2—n)v f(z) 

where ¢(z) and ¢(z) are rational integral functions and 


f(z) a polynomial of degree 2m.’’ At the meeting of this 
academy on February 12th, Professor CHares J. Joty read 


read a paper ‘‘ On the reduction of the integral - 
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a paper on the place of the Ausdehnungslehre in the general 
associative algebra of the quaternion type. 


Two mathematical papers were presented at the meeting 
of the Literary and philosophical society of Manchester, 
February 6th; both were by Mr. R. F. GwyTHer ; they were 
entitled ‘On the conditions of propagation of a solitary 


wave’’ and ‘‘On the motion of the particles in certain 
cases of steady fluid motion.”’ 


Tue Australasian association for the advancement of 
science met at Melbourne January 9th. The presidential 
address was delivered by Mr. R. L. J. Eviery on ‘ The 
beginnings and growth of astronomy in Australia ’’ ; and 
the presidential address of the mathematical section by Mr. 
G. H. Kyress on ‘‘ The development of the atomic theory 
of matter.’’ The next meeting of the association will be 
held at Hobart in January, 1902. 


Tue second part of Professor A. R. Forsytn’s Theory 
of differential equations, consisting of volumes II. and III. 
of his treatise, and devoted to non-linear ordinary equa- 
tions, has recently been issued by the Cambridge University 
Press. 


Proressor E. Picarp presented the first part of the sec- 
ond volume of his work ‘‘ Sur la théorie des fonctions algé- 
briques de deux variables’ to the Paris academy of sci- 
ences, March 5, 1909. This volume, as was the first, is 
published with the collaboration of M. Simarr. The part 
just issued deals principally with geometry on an algebraic 
surface. The point of view is chiefly that of algebra and 
analytical geometry, as adopted by Noether and the Italian 
mathematicians, although the transcendental position taken 
in the first volume of the treatise has not been entirely 
abandoned and will be resumed in the second part of the sec- 
ond volume. This second part will be occupied with the 
completion of the theory of double integrals of the second 
species ; and a study of particular surfaces, especially those 
associated with abelian, hyperfuchsian and hyperabelian 
functions, will terminate the volume. 


TueE following volumes are announced as either in prep- 
aration or under the press for Teubner’s series of text- 
books in the mathematical sciences: P. Bacnmann, Ele- 
mentary theory of numbers ; M. Bocuer, Thereal solutions 
of ordinary linear differential equations of the second order ; 
G. Brune, Analysis situs; G. CasTELNUOVo and F. En- 
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r1IQUES, Theory of algebraic surfaces ; ¥. DinGELDEy, Conics 
and systems of conics; F. Dincevipry, Collection of prob- 
lems for the application of the infinitesimal calculus; F. 
Enriques, Principles of geometry ; J.-Harxkvness, Elliptic 
functions ; G. Koun, Rational eurves ; A. Krazer, Theory 
of theta functions; R. von LitientuHat, Differential geom- 
etry ; G. Lorta, The theory and history of special algebraic 
and transcendental plane curves; R. Mrenmxe, Graphical 
and numerical methods of computing, including reckoning 
machines ; E. Nerro, Theory of combinations ; E. Pascat, 
Theory and application of determinants; S. PiNcHERLE, 
Functional equations and functional operations; A. Prine- 
sSHEIM, Lectures on number theory and function theory (the 
elementary theory of infinite algorithms and the analytic 
functions of a complex variable, vol. I. theory of numbers, 
vol. II. theory of functions); C. Secre, Lectures on alge- 
braic geometry, with especial references to spaces of many 
dimensions ; D. Setiwanorr, Calculus of differences; M. 
Simon, Elementary geometry; P. Sricxer, Differential 
geometry of higher manifoldnesses ; O. StaupE, Surfaces of 
the second order and systems of such surfaces ; O. Sroiz and 
J. A. Guetryver, Theoretical arithmetic ; R. Sturm, Theory 
of geometrical relations ; R. Sturm, Cubic space curves ; 
K. Tu. VAHLEN, History of the fundamental theorem of 
algebra ; K. To. VAHLEN, History of Sturm’s theorem ; A. 
Voss, Representation and development of curved surfaces; E. 
von WeseER, Lectures on Pfaff’s problem and the theory of 
partial differential equations of the first order; A. WimaAn, 
Finite groups of linear transformations ; H. G. ZEUTHEN, 
The enumerative methods of geometry. 


THE inaugural academic lectufe of Professor Orro HOLDER, 
delivered on recently assuming a full professorship of pure 
mathematics at the University of Leipzig, is promised at an 
early date from the press of B. G. Teubner. The lecture 
was a semi-popular one, entitled ‘‘ Anschauung und Denken 
in der Geometrie.”’ 


Messrs. Carré and Naud, of Paris, announce that a mono- 
graph on Interpolation by Dr. C. A. Laisant, and one on 
Elimination by Dr. H. Laurent, are in preparation for the 
physico-mathematical section of Scientia, a series of mono- 
graphs published with the object of presenting the recent 
discoveries, leading ideas, and notable advances in the evo- 
lution of science. The editorial board of the physijco- 
mathematical part of this undertaking consists of Professors 
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Appell, Cornu, d’Arsonval, Haller, Lippmann, Moissan, 
Poincaré, and Potier. 


Durine the summer semester 1900 the several universities 
mentioned below offer the following mathematical courses : 


UNIversity oF Beriin.—By Professor H. A. Scuwanrz: 
Synthetic geometry, four hours ; Applications of the theory 
of elliptic functions, four hours ; Theory of analytic func- 
tions, two hours ; Colloquia and seminar.—By Professor R. 
LEHMANN-FILHEs: Analytical geometry, four hours; The- 
ory of hypergeometric series, one hour.—By Professor J. 
Kwnosiaucu : Integral calculus, four hours ; Theory of par- 
tial differential equations, four hours; Theory of elliptic 
functions, one hour.—By Professor E. R. Hopre: Integral 
calculus, four hours; Analytical mechanics, four hours; 
Elementary questions of philosophy, two hours.—By Pro- 
fessor K. HENsEL : Differential calculus, four hours ; Theory 
of surfaces of second order, two hours; Analytical me- 
chanics, four hours.—By Professor G. Fropentus: Theory 
of numbers, four hours ; Seminar.—By Professor L. Fucus: 
Introduction to the theory of functions, four hours; Semi- 
nar.—By Professor G. Herrner: Infinite series, products 
and continued fractions, two hours. 


University oF Bonn.—By Professor L. Herrrer : Theory 
of functions, four hours ; Theory of invariants, three hours ; 
Exercises in function theory, one hour.—By Professor H. 
Kortum: Elements of infinitesimal calculus, four hours; 
Theory of series, two hours ; Seminar, two hours.—By Pro- 
fessor R. Lipscuitz: Elementary mechanics, four hours; 
Mathematical seminar, two hours. 


University of Brestau.—By Professor J. Rosanes: 
Analytical geometry of the plane, four hours ; Elements of 
theory of invariants, two hours; Seminar, one hour.—By 
Professor R. Sturm: Differential geometry, three hours; 
Curves and surfaces of the third order, three hours ; Sem- 
inar, two hours.—By Professor F. Lonpon : Introduction to 
the theory of elliptic functions, four hours. 


University or GriesseN.—By Professor M. Pascu : Plane 
analytical geometry, four hours; Elliptic functions, four 
hours ; Seminar, one hour.—By Professor E. Nerro: Ele- 
ments of algebra, four hours ; Definite integrals, two hours ; 
Seminar, one hour.—By Professor R. Haussner: Theory of 
invariants and forms, two hours; Solution of numerical 
equations, one hour ; Descriptive geometry, five hours. 
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UNIVERSITY OF GREIFSWALD.—By Professor W. Tomé: 
Analytical geometry, two hours ; Applications of the infin- 
itestimal calculus to geometry, two hours; Seminar, two 
hours.—By Professor E. Strupy: Theory of functions, four 
hours ; Infinitesimal calculus, four hours; Seminar, one 
hour. 


University OF HALLE-WITTENBERG.—By Professor G. 
Cantor: The Galois theory of the solution of algebraic 
equations, four hours ; Seminar, two hours.—By Professor 
A. Wancerin: Differential calculus, five hours; Elliptic 
functions, five hours ; Seminar, two hours.— By Professor 
\V. Esernarp: History of analysis, one hour; Theory of 
functions, four hours.—By Dr. Grassmann: Analytical 
mechanics, two hours ; Descriptive geometry, two hours.— 
By Dr. Neumann : Selected chapters of analytical geometry, 
two hours ; Synthetic geometry of conic sections, two hours. 


UNIVERSITY OF JENA.—By Professor J. ToomasE: Elliptic 
functions, four hours ; Projective geometry, four hours.— 
By Professor G. Freee: Analytical geometry, four hours ; 
Mathematical exercises, two hours ; Fundamental notions 
of mathematics, one hour. —By Professor A. GuTzMeEr : Dif- 
ferential calculus, four hours; Exercises in the preceding, 
one hour ; Introduction to higher algebra, four hours. 


UNIVERSITY OF K6niGsBERG.—By Professor F. MEYER: 
Introduction to higher geometry, four hours ; Seminar, one 
and a half hours.—By Professor A. ScHoEnr.ies : Differen- 
tial calculus, four hours ; Seminar, one and a half hours.— 
By Professor L. Ssatscuittz: Fourier’s series, two hours ; 
Bernouilli functions, three hours; Exercises in Bernouilli 
numbers and functions, one hour.—By Dr. T. VAHLEN : 
Theory of linear differential equations, three hours.—By 
Dr. MiLter: Plane analytical geometry and exercises, four 
hours ; Graphical statics, two hours. 


University oF Lerpzic.—By Professors W. ScHEIBNER 
and A. MAYER: no courses are offered during the summer 
semester.—By Professor C. Neumann: Theory of curved 
surfaces, four hours ; Seminar, one hour.—By Professor O. 
HO per : Elliptic functions, four hours; Calculus of varia- 
tions, two hours; Seminar, one hour.—By Professor F. 
ENGEL : Ordinary differential equations, four hours ; Theory 
of continuous groups, two hours; Analytical mechanics, 
one hour ; Seminar, one hour.—By Dr. F. Hausporrr : In- 
troduction to higher analysis, four hours ; Insurance math- 
ematics, three hours.—By Dr. G. Kowatewski : Analytical 
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geometry of plane and space, with exercises, five hours; 
The quadrature of the circle, two hours.—By Dr. H. Lies- 
MANN : Synthetic geometry, three hours ; Graphical statics, 
one hour; Definite integrals, two hours. 


UnIversiry oF Marsurc.—By Professor F. Scuorrxy : 
Curvature of lines and surfaces, four hours; Theory of 
representation, three hours ; Seminar, two hours.—By Pro- 
fessor A. E. Hess: Differential calculus, five hours ; Foun- 
dations of modern geometry, two hours ; Seminar, two hours. 
—By Dr. F. von Datwicx : Definite integrals, three hours ; 
Descriptive geometry, six hours. 


University oF SrrasssurG.—By Professor T. Reye: 
Synthetic geometry, two hours ; Technical mechanics, four 
hours; Seminar, one hour.—By Professor H. WEBER: 
Theory of functions, four hours; Hydrodynamics, two 
hours ; Seminar, two hours.—By Professor G. Rots : Infin- 
itesimal calculus, three hours ; Plane analytical geometry, 
two hours.—By Professor A. Krazer: Definite integrals, 
three hours ; Graphical statics, two hours ; Determinants, 
two hours.—By Dr. E. Timerpine: Theory of algebraic 
curves, two hours. —By Dr. J. WELLSsTEIN : Algebraic equa- 
tions, three hours. 


University oF WirzBurc.—By Professor F. Prym: In- 
tegral calculus, six hours ; Exercises on the preceding, two 
hours ; Selected chapters of function theory, two hours.— 
By Professor A. Voss: Analytical and synthetical geometry 
of conics, four hours; Analytical geometry of space, four 
hours; Selected chapters of higher mathematics, two 
hours. 


At the University of Gottingen, from April 19th to May 
1st, there is to be given a series of special lectures in mathe- 
matics and physics intended as an Easter vacation course 
for teachers in the high schools of Germany. The lectures 
in mathematics include lectures by Professor F. Kien, on 
the teaching of applied and technical mechanics in the 
schools ; by Professor G. BoHLMANN, on the elements of the 
mathematics of life insurance ; and by Professor F. Scuit- 
LING, on descriptive geometry. 


Messrs. Macmillan and Bowes, 1 Trinity Street, Cam- 
bridge, England, have issued a new list of second-hand 
mathematical books, under date of February, 1900. 


TuREE letters written by De Morcan to SyLvEsTER in 
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1856, when the latter was professor of mathematics at the 
Woolwich military academy, appear in the January num- 
ber of the Monist, with an introduction by Professor G. B. 
HAtstTeED, of the University of Texas. 


Tue University of Oxford has recently instituted the de- 
grees of doctor of letters and doctor of science as advanced 
research degrees. 


Tue London mathematical society has passed a resolution 
permitting the increase of the number of its members by 
further elections to three hundred and fifty. The previous 
limitation was two hundred and fifty. 


Proressor G. G. Stokes, of Cambridge University, has 
been elected a foreign associate of the Paris academy of 
sciences. 


At the University of Cambridge, the Hopkins prize for 
the period 1891-94 has been awarded to Mr. W. D. Niven, 
F.R. S., for his memoir on ellipsoidal harmonics, published 
in the Philosophical Transactions for 1891; Mr. Niven was 
formerly a fellow of Trinity College. 


Amone the foreign correspondents elected by the Berlin 
academy of sciences at the recent celebration of the two 
hundredth anniversary of its organization, are Professor J. 
WILLARD Gisss, of Yale University, and Professor H. A. 
Row .anp, of Johns Hopkins University. 


Tue Royal Irish Academy has elected Professor P. G. 
Tait, of Edinburgh, and Professor J. J. THomson, of Cam- 
bridge, to honorary membership. 


Lorp KE vIn has been élected a foreign member of the 
Berlin academy of sciences. 


Dr. Max ABRAHAM has been admitted as Privatdocent at 
the University of Gottingen. In the coming summer sem- 
ester he will give a course on the electromagnetic theory of 
light. 


Dr. Harris Hancock, instructor in mathematics at the 
University of Chicago, has been elected professor of mathe- 
matics at the University of Cincinnati. 


Dr. G. W. Myers, professor of astronomy in the Univer- 
sity of Illinois, has resigned to take charge of the depart- 
ment of mathematics and astronomy in Chicago Insti- 
tute. 
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Proressor R. L. Morse, of Hanover College, has been 
made professor emeritus of mathematics, after twenty-five 
years of service in that institution ; the active professor- 
ship thus made vacant has been filled by the election of Dr. 
R. 8S. Lawrence, of Emporia College. 


Proressor H. WEBER has been elected rector of the Uni- 
versity of Strassburg. 


Tue honorary degree of doctor of laws has been con- 
ferred on Professor A. R. Forsytu by Glasgow Univer- 
sity. 

A statue of Professor HAcKLEy has been 
recently presented to Columbia University. Professor Hack- 
ley held the chair of mathematics in Columbia College 
from 1843-1861. 


Proressor E. Bettrami died at Rome, February 18, 
1900. 


Proressor JosEPH L. F. of Paris, died re- 
cently at the age of seventy-eight years. 


Tue deaths are also announced of Miss CATHERINE 
Wo.re Bruces; the well known patron of astronomical 
science ; of Professor THomas Preston, fellow of the Royal 
University of Ireland ; and of Mr. J. J. WALKER, one of 
the early members of the London Mathematical Society 
which he had served both as president and vice-president. 


NEW PUBLICATIONS. 


I. HIGHER MATHEMATICS. 


BOLTZMANN (L.). See CLARK UNIVERSITY. 


BOREL (E.). Nouvelles lecons sur la théorie des fonctions. Lecons sur 
les fonctions entiéres. Paris, Gauthier-Villars, 1900. 8vo. 6+ 
126 pp. 


BRANDENBURGER (C.). Anwendung der elliptischen Funktionen auf 
durch algebraische Funktionen vermittelte konforme Abbildungen. 
(Diss.) Ziirich, 1899. 8vo. 49 pp., 4 plates. 

Braun (J.). Das Fortschreitungsgesetz der Primzahlen durch eine 


transcendente Gleichung exakt dargestellt. (Progr.) Trier, 1899. 
8vo. 34 pp., 6 tables. 
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CAHEN (E.). Eléments de la théorie des nombres, congruences, formes 
quadratiques; nombres incommensurables, questions diverses. Paris, 
Gauthier-Villars, 1900. 8vo. 8+ 404 pp. 


CAVALLIN (P.). Determination och Multiplikation. Logisk-matema- 
tiska Undersékningar. Lund, 1899.- 8vo. 7-+ 185 pp. 


CAYLEY (A.). An elementary treatise on elliptic functions. 2d edi- 
tion. Cambridge, Deighton, Bell, & Co., 1900. 8vo. 7s. 6d. 


CHEBYSHOV (P.). Works, collected and edited by A. Markov and N. 
Sonin. (In2volumes.) Vol. I. St. Petersburg, 1899. 4to. 6+ 714 
pp., portrait. (Russian. ) M. 17.50 


CLARK UNIVERSITY 1889-1899. ecennial celebration. Worcester, 
Mass., printed for the University, 1899. 4to. 6-+ 566 pp., 5 por- 
traits. (Contains: W. E. Story, The department of mathematics, 
pp. 61-83; A. G. Webster, Department of physics, pp. 85-98 ; E. 
Picard, Lectures on mathematics : (1) Sur l’extension de quelques 
notions mathématiques, et en particulier de l’idée de fonction depuis 
un siécle ; (2) Quelq:es vues générales sur la théorie des équations 
differentielles ; (3) Sur la théorie des fonctions analytiques et sur 
quelques fonctions spéciales, pp. 207-259 ; L. Boltzmann, Ueber die 
Grundprincipien uud Grundgleichungen der Mechanik, pp. 261-309. ) 

CoTron (E.). Sur Jes variétés 4 trois dimensions. (Thése.) Paris, 
Gauthier-Villars, 1899. 4to. 61 pp. 

Déutp (H.). Aufgaben zur Differential- und Integralrechnung nebst 
den Resultater. und den zur Liésung notigen theoretischen Erliute- 


rungen. 8te Anflage, neu bearbeitet von E. Netto. Giessen, 1900. 
8vo. 4+ 216 pp. Cloth. M. 4.00 


ForsyTH (A. R.). Theory of differential equations. Part II: Ordi- 
nary equations, not linear. Vol. Il: 11+344 pp.; Vol. III: 
10+ 391 pp. London and New York, Macmillan, 1900. 8vo. 
Cloth. (Cambridge University Press series. ) $6.00 

Franck (P.) Ueber die Flicheninhalte und Bogenlangen von Fuss- 
punktkurven und Rollkurven. (Diss.). Leipzig, 1899. Svo. 57 pp. 

GARAYCOCHEA (M. W.). Calculo binomial o analisis trascendente de 
binomio ; obra original inedita, comentada por D. F. Villareal. Parte 
I. Lima, Gil, 1898. 12mo. 19 +806 pp. Fr. 10.00 

Gauss (C. F.). See OLBERSs (W.). 

GULDBERG (A.). Sur une classe particuliére d’équations aux dérivées 
partielles du premier ordre. Christiania, Dybwad, 1899. 4to. 17 pp. 
( Videnskabssélskabets Skrifter, I. Math.-naturv. Klasse, 1899, No. 8.) 

Haun (R.). Die Entwicklung der Leibnizischen Metaphysik und der 
Einfluss der Mathematik auf dieselbe bis zum Jahre 1686. Halle, 
1899. 4to. 35 pp. 

HEDRICK (E. R.). On three-dimensional determinants. 4to. (Annals 
of Mathematics, 2d series, Vol. 1, No. 2, 1900, pp. 49-67.) 

HEIDKE (P.). Ueber Kreisteilungsgleichungen vom Primzahlgrad 
(Diss.) Greifswald, 1899. 8vo. 
26 pp. 

HEINECK (C.). Invariante Kurvenintegrale bei infinitesimalen Trans- 
formationen in drei Veranderlichen 2, y,z und deren Verwertung. 

(Diss.) Leipzig, 1899. 8vo. 75 pp. 
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HESSENBERG (G.). Ueber die Invarianten linearer und quadratischer 
binarer Differentialformen und ihre Anwendung auf die Deformation 
der Flichen. (Diss.) Berlin, 1899. 8vo. 50 pp. 


LIEBMANN (H.). Ueber die Verbiegung der geschlossenen Fliichen posi- 
tiver Kriimmung. (Habilitationsschrift.) Leipzig, 1899. 8vo. 
32 pp. 

MaARKOv (A.). See CHEBYSHOV (P.). 


Massau (J.). Mémoire sur l’intégration graphique des équations aux 
dérivées partielles. Fascicule 1: Intégration fausse; intégration par 
les caractéristiques ; mouvement varié des eaux courantes ; mascaret. 
Paris, Hermann, 1899. 4to. 144 pp. (Autogr.) Fr. 5.09. 


MEHLING (A.). Ueber diejenigen Flichen, die aquidistante infinitesi- 
male Biegungen gestatten. (Diss.) Wiirzburg, 1899. Svo. 62 pp. 


Netto (E.). See (H.). 


OLBERs (W.), sein Leben und sein Werke. Im Auftrage der Nachkom- 
men herausgegeben von C. Schilling. Vol. II: Briefwechsel zwischen 
Olbers und Gauss. Abteilung 1. Berlin, Springer, 1900. 7+ 
767 pp- M. 16.00 


PICARD (E.). See CLARK UNIVERSITY. 


PortTuoNDv (A.). Escuela especial de ingenieros de caminos, canales y 
puestos. la parte: Calculo de probabilidades ; 2a parte: Teoria de 
los errores ; 3a parte: Metodo de los minimos cuadrados. Madrid, 
Fortanet, 1898. 8vo. 282 pp., 4 plates. 


SCHILLING (C.). * See OLBERS (W.). 

(N.). See CHEBYSHOV (P.). 

Story (W. E.). See CLARK UNIVERSITY. 

TCHEBYCHEFF. See CHEBYSHOV (P.). 

TIMCHENKO (Q.). Elements of the theory of analytic functions. Part 
I: Historica! account of the development of the ideas and methods 


on which the theory of analytic functions is based. Vol. I. St. 
Petersburg, 1899. 8vo. (Russian. ) M. 9.00 


Veccui (S.). Sulle figure complete determinate da un numero qualun- 
que di punti o da un numero qualunque di tangenti di una conica e 
sulle loro correlative nello spazio. Parma, Rossi-Ubaldi, 1899. 4to. 
16 pp., 2 plates. 


VILLAREAL (D. F.). See GARAYCOCHEA (M. W.). 
WEBSTER (A. G.). See CLARK UNIVERSITY. 


WESTFALL (J. v. E.). Ona category of transformation groups in three 
and four dimensions. (Diss.) Leipzig, 1899. S8vo. 32 pp. 


WOLFFING (E.). Verzeichnis der Zeitschriften fiir die Gebiete der 
Mathematik, der Physik, der Technik und der verwandten Wissen- 
schaften, welche auf Wiirttembergischen Bibliotheken vorhanden 
sind. Stuttgart, 1899. Svo. 18 pp. M. 1.50: 


ZINDLER (K.). Ueber Complexcurven. (Monatshefte fiir Mathematik 
und Physik, Jahrgang XI.) 8vo. 3 pp. 
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Il. ELEMENTARY MATHEMATICS. 


ANDRE (P.). Nouveau cours de trigonométrie, rédigé d’aprés le pro- 
gramme officiel, 4 l’usage des lycées, des colléges, des institutions et 
des aspirants au baccalauréat és sciences. 9e édition. Paris, André 
[1900.] 8vo. 96 pp. 


BoLTe (F.). Leitfaden fiir den Unterricht in der Arithmetik, zum Ge- 
brauche an Navigationsschulen bearbeitet. 2te Auflage. Hamburg, 
Peuser, 1900. 8vo. 77 pp. Boards. M. 2.00 


Bosse (L.) und (H.). Algebra. Mit Aufgaben und fiinfstel- 
liger Logarithmentafel. Berlin, Parey, 1900. 8vo. 124+ 
24 pp. M. 1.80 

BREMANT (A.). Cours d’algébre essentiellement pratique, avec de nom. 
breuses applications, 4 l’usage des éléves de l’année complémentaire- 
Nouvelle édition. Paris, Hatier [1900]. 16mo. 76 pp. 

Bruuns (C.). Neues logarithmisch-trigonometrisches Handbuch auf 7 
Decimalen. 5te Ausgabe. Leipzig, 1900 &vo. 24+ 610 pp. 
(The same with text in English, French, Italian.) M. 4.20 


DEKKER (P.). See NIEMOLLER (F.). 


FréEReEs (Les) des écoles chrétiennes. Géométrie, cours moyen. Paris, 
Poussielgue [1900]. i6mo. 191 pp. (Enseignement primaire ; 
livres classiques rédigés en trois cours gradués pour chaque série du 
programme officiel. ) 


FULCHERIs (P.). Elementi di geometria ad uso delle scuole tecniche 
e normali. Testo e tavole. 17a edizione, riveduta ed amp’ iata. 
Torino, Paravia, 1900. 8vo. 147 pp., 18 plates. Fr. 2.00 
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GetTrERO (N. J. A. R.). Principios y ejercicios practicos de aritmetica. 
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Fr. 4.00 

Solutions raisonnées des problémes énoncés dans le Cours et 

dans le Traité élementaire d’algébre 4 l’usage des lycées et des col- 
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Roma, Vallardi, 1899. 16mo. 24 pp. Fr. 0.15 
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Monnet (L. F.). Cours élémentaire d’arithmétique théorique et 
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élémentaire d’arithmétique théorique et pratique l’ usage des lycées, 
des colléges, des écoles normales primaires, etc. 2e édition. Paris, 
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NIEMOLLER (F.) und DEKKER(P.). Arithmetisches und algebraisches 
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318 NEW PUBLICATIONS. [April, 


TALLQVIST (H.). Grunderna af potentialteorin med anvandning pa elek- 
trostatiken och magnetismen. Helsingfors, 1899. 8vo. 11-+-253 pp. 
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